352 Chapter 5: Integrals

2+ 2 (4, 2)
@mw//i)>//* 2
x=y+
N \/ lay s
< f(y) — Ig(y)—> .

of y=0 2 4

FIGURE 5.30 It takes two integra-
tions to find the area of this region if
we integrate with respect to x. It takes
only one if we integrate with respect to
y (Example 7).

Integration with Respect to y

If a region’s bounding curves are described by functions of y, the approximating rectan-
gles are horizontal instead of vertical and the basic formula has y in place of x.
For regions like these:
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In this equation f always denotes the right-hand curve and g the left-hand curve, so
f(y) — g(y) is nonnegative.

EXAMPLE 7

Find the area of the region in Example 6 by integrating with respect to y.

Solution We first sketch the region and a typical horizontal rectangle based on a parti-
tion of an interval of y-values (Figure 5.30). The region’s right-hand boundary is the line
x =y + 2,50 f(y) =y + 2. The left-hand boundary is the curve x = y?, so g(y) = y°.
The lower limit of integration is y = 0. We find the upper limit by solving x = y + 2 and
x = y? simultaneously for y:

y+2= )72 Equate f(y) = y + 2and g(y) = y%
y2 —y—2=0 Rewrite.
Y+ Dy—=2)=0 Factor.
y=—1, y=2 Solve.
The upper limit of integration is b = 2. (The value y = —1 gives a point of intersection

below the x-axis.)
The area of the region is
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This is the result of Example 6, found with less work. |
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FIGURE 5.31 The area of the blue

region is the area under the parabola

y = V/x minus the area of the
triangle.

Exercises

Evaluating Definite Integrals

Use the Substitution Formula in Theorem 7 to evaluate the integrals in

Exercises 1-46.
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5.6 Definite Integral Substitutions and the Area Between Curves
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Although it was easier to find the area in Example 6 by integrating with respect to y
rather than x (just as we did in Example 7), there is an easier way yet. Looking at Figure

5.31, we see that the area we want is the area between the curve y =

Vx and the x-axis

for 0 = x = 4, minus the area of an isosceles triangle of base and height equal to 2. So by
combining calculus with some geometry, we find
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