Lecture Notes

Trigonometric Integrals 1

page 1

Sample Problems

Compute each of the following integrals. Assume that a and b are positive numbers.

1. /sinx dx
2. /cos5a: dx

coszsin* z dz
csc2  dx

tanz dx

6. /COt:L’ dx
7. /secx dzx

=~
—_— — —

1. /cosBm dx
. /sin (43:— g) dx

3. /sec@tan@ db

. /se029 do

5. /:L'tan (:1:2) dx

[\

W

6. /cot (22 — ) dx

7. /cost dx
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8. /CSCJ} dx
9. /sian dx

10. /sin3x dz
11. /sin4x dx
12. /sin5x dz
13. /a2 +1b2332 dz
14. / a21— = dx

Practice Problems

8. /COS2 (2z) dx
9. /cos?’a: dx

10. /cos4x dx

11. /cos5x dz

12. /sin:rcos533 dx
13. /sin3xcos5a: dx
14. /tanQ:E dx

15

16

17

18.

19

20

15

16.

17.

18.

19.

sec (v/2)

.| —=d
z x

/3

. /\/1+cos2:c dzx
0

/2

. /\/1 —cosz dx
0

/tan3 z dx

sin 7x cos 3x dx
sin 10z sin 4x dx

|
|

/6

. /\/1—00563; dx

0

/ sin 2a cos 8a da
/ cosbcos11b db
/ sin 60 sin 1460 d6

/COS 11msin 3m dm
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Sample Problems - Answers

1 1
1.) —cosz+C  2) gsinf)x—i—C 3.) gsin5x+C’ 4) —cotz+C  5.) —lIn|cosz|+C =lIn|secz|+C

1 1
6.) Inlsinz|+ C 7.) In|secx +tanz|+ C 8.) —lIn|escz + cotzx|+C 9.) ix—zsin2x+0

1 1 1 3 2 1
10.) =cos>x —cosz +C 11.) —=sin2z + ——sinde + -z +C 12.) —cosx+§cos3x—gcos5:c+0

3 4 32 8
13.) ibtan_1 <b$> +C  14) sin! (£> +C 15.) 2In|sec (y/z) + tan (/)| + C 16.) \gé
a a a

1 1 1 1 1
17.) 2v/2-2 18) isec2x+ln\cosx\+0 19.) —2—000810x—§cos4x+0 20.) Esin&v—%sinlé}x—l—c

Practice Problems - Answers

1 1

1.) gsin3x+C’ 2.) —=cos (4;13 - E) +C 3.) secf+C 4.) tanf+C 5.) iln |sec (#%)| + C
1 . 1 L. 1 1. . 1.3

6.) §ln\sm(2x—7r)\ +C 7.) §x+zsm2x+0 8.) §x+§sm4x+0 9.) sinz — 3 sin xz+C

3 1 1 1 2 1
10.) —z+ =sin2z + ——sindz +C  11.) fsin5a:—§sin3m+sinx+0 12.) —60086374-0

8 4 32 5
1 1 2 1 1
13.) —écos6x+§cos8x+0 14.) —z+tanz+C 15.) \3[ 16.) Ecos6a—2—ocosl()a+(]
17) = sinl0b+ —sin12b+C  18) — sin80 — — sin200 + C 19) = cos8m — — cos 14m + C
) 5gsin 5 Sin ) 1gsin 2050 ) 1g o8 8m — ¢ cos L4m
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Sample Problems - Solutions

1. /sinx dz

Solution: This is a basic integral we know from differentiating basic trigonometric functions. Since

d d
7g CO8F =~ sin x, clearly e (—cosx) = sinz and so /sin:c dz :.
x x

2. /cos5m dx

d
Solution: We know that . cosx = —sinx + C. We will use substitution. Let v = 5z and then du = 5dx
T

/cosEm; da::/cosu (d5u> :;/cosu du = ésin5x+C

Note: Once we have enough practice, there is no need to perform this substitution in writing. We can just

1
simply write /cos S5t dr = 3 sin b5z + C.

and so dgu =dux.

3. /cosxsin4x dz

Solution: Let ©w =sinz. Then du = coszdzx.

1 1
/cosxsin4x da::/sin4m (cosxda:):/u4u:5u5+C: gsin5:1:+C

4. /csczx dzx
2

d
Solution: We need to remember that e cotx = —csc” .
T

/cscmx:_/_csc%dx:

5. /tanx dx

Solution: Let uw = cosz. Then du = —sinz dzx.
sin x 1 . 1 1
tanx dr = de = | — (sinzdu)= | — (—du)=— [ —du=—In|u|+C = —1In|cosz| + C
CoS T U U U

= ln‘(cosx)_l’—i—C: In|secz| + C
6. /cotx dx

Solution: Let w =sinz. Then du = cosz dz.

1 1
/cotx da::/c.osa7 da::/ (cosxdu):/du:ln|u|+C: In|sinz| + C
sin x u u
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7. /secx dzx

. secx + tanx sec? x + secztan e
Solution: /secaz dr = /sec:r —— dx = / dx
secx + tanx secx + tanx

d d

From here we will use substitution. Recall that e secx = secxtanz and — tanxz = sec?z. Let u =
T T

secx + tanx. Then du = (secxtanm + sec? :Jc) dx.

2

5 3 t 1 1

/bec v secrtany dx:/ (sec2a?+sec:1:tanx)dx:/ du:ln]u\—i—C’z’ln\secx—i—tanm[—FC‘
secx +tanz U U

8. /Cscm dzx

. cscx + cotx csc? ¢ + cscx cot
Solution: /cscaz dr = /csc:c ——dx = / dx
cscx + cotx cscx + cotx

d d
From here we will use substitution. Recall that — cscx = —cscxcotx and — cotx = —csc?z.  Let
T T
2 x — cscx cot w) dzx.

12 t 1 1 1
/CSC z +cscxcotz de = / (c502x+cscxcot:c)d:c:/ (—du):—/ du=—Inlu|+C
w u

cscx + cotx

u=-cscx +cotx. Then du = (— csc

= ’—ln]csca:+cotm[+0‘

9. /sin2:c dx

Solution: Recall the double angle formula for cosine, cos 2z = 1 — 2sin? z.  We solve this for sin? z

1
2r= 5(1*C082$)

1 1 1
(1 — cos2z) da:—2</1 da:—/cos2x dac) —2(w+01—2sin2x+02>

sin

N | =

/sian dr = /
1

1
= §w—zsin2w+0

10. /sin3:n dx

Solution:
/sin3a: dxr = /sinxsinzx dr = /sin:c (1 — cos? 33) dx
Let u = cosz. Then du = —sinzdx
/sin3x de = /sinx (1- cos? z) do = / (1- cos? ) (sinzdr) = / (1- u2) (—du) = / (u2 —1)du

1 1
= §u3—u+C’: gcos3:r—cos:r+0
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11.

12.

13.

/ sint z dx
2

Solution: We use the double angle formula for cosine to express sin” x.

2

cos2z =1—2sinz = sin®z = - (1 — cos2z)

N | =

1 2 1 1
/sin4xdx:/(sin2:c)2 dm:/<2(1—cos2:1:)> d:)::4/(1—cos2:1:)2 dx:4/(1—200823:+c0522x) dz

We use the double angle formula for cosine again to express cos? 2x.

1
cosdr =2cos’2z —1 = cos’2z = 3 (cosdx + 1)

1 1 1
/sin4ac de = 4/(1—2cos2x+00822m) d:c—4/(1—2cos2x+2(cos4x+1)> dx

1 1 1 1 1 1 3
= S~ Zcos2z + - cosda + - = [ (== cos2z+ = cosdz + =
/<4 2cos x+8cos x+8> dx /( 2cos m+8(:os m+8> dx

1/1\ . 1/1\ . 3 1 . 1 . 3
= -5 <2> 51n2$—|—8(4> SID4IE—|—§£E+C— —Zsm2m—|—§sm4m+§$—|—0

/ sin® z dx

Solution: This method works with odd powers of sin z or cosxz. We will separate one factor of sinx from the
rest which will be expressed in terms of cos .

/sin5x de = /sinmsin4x dr = /sinxsin4:c der = /sinx (sin2 x)2 dr = /sinx (1 — cos? :c)2 dx
= /sinx(1—20082m+cos4x) dx
We proceed with substitution. Let u = cosxz. Then du = — sin zdzx.
/sin5 rdr = /sin:p (1 —2cos’z +cos?z) dz = / (1 —2cos’z +cos'z) (sinzdz)

- /(1—2u2+u4) (—du):/(—1+2u2—u4) du:—u+§u3—%u5+0

2
= —cosa:—i-gcos?'a;— gcos5a:+C

1
/ a? + b2z dx

Solution: The basic integral here is / dr = tan~'2 + C. We need a substitution under which

2
¢+ 1
a?x? = b2u?. This would be convenient because then

1 1 1 1

a2x2 + b2 b2+ 02 b2 w2+ 1
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14.

15.

16.

a
So we will pursue this substitution. We solve a?z? = b%u? for a possible value of u and obtain u = E‘T Then

du = gd:c and so édu = dx.
b a

1 1 b b b 1 1
- d — - d . du = — — = d t —1
/a2x2—|—b2 v /b2u2—i—b2 <a u) /b2 w+1 a b ab2/u2+1 T utC

— | (Le) c

1
/ va? — x? de

1
Solution: The basic integral here is / —— dx =sin"'z+ C. We need a substitution under which
2 2.2 " L—a?

2% = a“u”. This would be useful because then
1 B 1 B 1 B 1
Va2 —22  Va?—-ad*u? a2 (1—u?) avl—u?

2

So we will pursue this substitution. We solve 2 = a?u? for a possible value of u and obtain z = au and

dxr = adu.
1 1 a 1 T
— —de= | ——— (adu)= | ——du= | —— du— =sin" tu+C =|sin" ! (Z) +C
/\/a2—x2 /\/aQ—a2u2( ) /a\/l—u2 /\/1—u2 <a)

sec\(}x/:f) P

Let w = \/z. Then du—ﬁdx
see (V) r = sec (v/7) T = sec (Vz) | =—=dx secu du = 21n[secu + tanu

NG d 2 fd 2/ (f)<2fd) 2/ du = 2In |secu + tanu| + C

= |2In|sec (v/z) + tan (V)| + C

X

w/3

/ v 1+ cos2x dx
0

Solution: We will yet again use the double angle formula for cosine, this time to eliminate the square root.

cos2r =2cos’x —1 = 2cos’z =cos2z+1

/3 /3 /3 w/3

/\/1+c052x dm:/v2cosza: da::\/i/\/cos?a: dmz\/i/|cosx| dx
0 0 0 0

. . .. s . .
Since f (z) = cosz is positive on {O, g] , we can simplify |cos x| = cosx

7r/3> :\f2<sing—sin0> :\@<ﬁ_0> - \f

w/3 /3

\/§/|COS£L‘| d:c:\@/cosx d$:\/§(sinx
0 0

0 2
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17.

18.

19.

(© copyright Hidegkuti, Powell, 2012

w/2

/\/1—(305:1: dzx
0

Solution:
cos20 =1—2sin’0 = 2sin’0 =1 — cos?26

We substitute 0 = g into this and obtain

Lo X
2sin?> =1 —cosz

w/2 /2 /2

/\/l—cosx dx:/UQSinzgdx:\fQ/‘sin;’ dx
0 0

0
sin —| = sin —
2 2

x
Since f (z) = sin B is non-negative on [0, g} , we can simplify

T z|™? x
\/§ sm§ dr = \/§ —2 cos§ = —2\/§ COS§
0

0

2

= —2ﬂ<ﬁ—1> =-24+2V2={2v2-2

/tan3 T dx

Solution: Let w =cosz. Then du = —sinxzdz

Mz) =—2V2 (cos% — Cos 0)

3 sin® x . sin’z 1—cos’z 1—u? u? —1
tan®x dr = s dr= [ sinz———dr= [ ———— sinzdr = s (—du) = 57— du
cos3 cos3 cos3 u u

u? 1 1 u=? 1

1
= In|cosz| —|—§se02x+0

/ sin 7x cos 3x dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum.

formula for the sum and the difference of these two angles.

sin1l0x = sin(7x 4 3z) = sin 7z cos 3z + cos Tz sin 3z

sindr = sin(7x — 3x) = sin Tz cos 3x — cos Tz sin 3z
We will add the two equations

sinl10xz + sindx = 2sin7xcos3x

1
5 (sin10z +sindx) = sin7zcos3z

1
We can very easily integrate 3 (sin 10z + sin 4x)

We write the sine

1 1
/sin?mcosSa: de = /2(sin 10z + sindz) dz = 2/Sin10:r+sin4az dx
1/1 1/1 1 1
= (=) (~cost S5 (—cos4 —|—— cos10z — = cos 4
2<10>( cos OJ:)—I—2(4( cos :L‘)>+C 20cos 0z 8COS x4+ C
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20. /sin 10z sin4x dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum. We write the cosine
formula for the sum and the difference of these two angles.

cosl4z = cos(10z + 4z) = cos 10x cos 4z — sin 10z sin 4x

cosbx = cos(10z — 4z) = cos 10x cos 4z + sin 10z sin 4z
We will subtract the first equation from the first one

cosbx —cos1l4dx = 2sin10xsindz

1
3 (cos b6z —cos14z) = sinlOxsindz

1
We can very easily integrate 3 (cos 6x — cos 14x)

1 1
/sin 10z sindx doe = /2 (cos6x — cos 14x) dx = 5 /COS 6x — cos 14z dx

1/1 1/1 1 1
= 3 (6) (sin6x) — 3 <14 (sin 143:)> +C = Esin 6x — T sin 14z + C

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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