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(a) Factor this in order to find an expression for the 65. Revenue Revenue R from the sale of x units of a
number of units demanded. product is found by multiplying the price by the num-
(b) Use (a) to find the number of units demanded when ber of items sold.

the market price is $38.

(a) Factor the right side of R = 300x — x2.
(b) What is the expression for the price of the item?

64. Power in a circuit  Factor the following expression for
the maximum power in a certain electrical circuit. 66. Poiseuille’s law  The expression for the speed of blood

R+ r)? —

0.7

Simplifying Fractions

through an artery of radius r at a distance x from the
artery wall is given by r> — (r — x)2. Factor and sim-
plify this expression.

2r(R + r)

Algebraic Fractions

Evaluating certain limits and graphing rational functions require an understanding of alge-
braic fractions. The fraction 6/8 can be reduced to 3/4 by dividing both the numerator and
the denominator by 2. In the same manner, the algebraic fraction

x+2)x+1)

(x+ D(x + 3)

can be reduced to

x+2
x+3

by dividing both the numerator and the denominator by x + 1, if x # —1.

We simplify algebraic fractions by factoring the numerator and denominator and then
dividing both the numerator and the denominator by any common factors.*

@ EXAMPLE 1 Simplifying a Fraction

3¢ — 14x + 8
Simplify =" if x2 # 16,
x> — 16

Solution
32— 14x+8  (Bx —2)x — 4)
x2— 16 x—dHx+4)
_ Gr - 26—
(x—)(x + 4)
_ 3x — 21
x+4

*We assume that all fractions are defined.



Products of Fractions

Product of Fractions

Quotients of Fractions
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We can multiply fractions by writing the product as the product of the numerators divided
by the product of the denominators. For example,

410 2_ 80
5 12 5 300
which reduces to 7.

We can also find the product by reducing the fractions before we indicate the multi-
plication in the numerator and denominator. For example, in
4,10 2

5 125

we can divide the first numerator and the second denominator by 4 and divide the second
numerator and the first denominator by 5, which yields

1
#
g

1

We multiply algebraic fractions by writing the product of the numerators divided by
the product of the denominators, and then reduce to lowest terms. We may also reduce
prior to finding the product.

@ EXAMPLE 2 Multiplying Fractions

Multiply:
()4x2 10x vy ) —4x+8 2x+4
q) .
5y  y*  8x? 3x+6 4x+ 12
Solution
1 2 1 1
()4x2 10x vy 42 lox ¥ 1 2x 1 X
a Pt A S i AU S
5y y2 82 5 ¥ 82 1 y2 2 2
171 2 1
) —4x+8 2x+4 _—4(x—2) 2x + 2)
3x+6  4x+ 12 3x +2) 4x + 3)
-1 1
A —2) 2a42)
3(x+2) A4x + 3)
1 1
2 —2)
3(x + 3)

In arithmetic we learned to divide one fraction by another by inverting the divisor and mul-
tiplying. The same rule applies to division of algebraic fractions.
@ EXAMPLE 3 Dividing Fractions

ab (b) Find 6x>2—6 x—1
—. in + .
c? X2+3x+2 x2+4x+4

2
(2) Divide “? by
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Solution
a-1 c
@ b ab @b P @B 2 ac
a) — —+ = — e — = —++— = — = (qC
¢ c? ¢ ab tf a1
11
6x> —6 x—1 6x>—6 x*+4x+4

b - = .
()x2+3x+2 X2+4x+4 x2+3x+2 x—1

6 — Dx 1) (x 2 +2)

D+ D x—1
= 6(x + 2)
2x? — 4x
e Checkpoint 1. Reduce: Ty
X
x2 x+3
2. Multiply: .
Py x2 -9 3x
S5x%(x — 1 10x2
3. Divide: 2~ 1 a

26+ 1)  x+Dx-—1)

Adding and Subtracting If two fractions are to be added, it is convenient that both be expressed with the same
Fractions denominator. If the denominators are not the same, we can write the equivalents of each of
the fractions with a common denominator. We usually use the least common denominator
(LCD) when we write the equivalent fractions. The least common denominator is the
lowest-degree variable expression into which all denominators will divide. If the denomi-
nators are polynomials, then the LCD is the lowest-degree polynomial into which all denom-
inators will divide. We can find the least common denominator as follows.

Finding the Least Common Denominator

Procedure Example
. . 1 1
To find the least common denominator of a set of Find the LCD of N
. X —x =1
fractions:
1. Completely factor each denominator. 1. The factored denominators are x(x — 1),

(x + D(x — 1), and x - x.

2. Identify the different factors that appear. 2. The different factors are x, x — 1, and x + 1.

3. The LCD is the product of these different factors, 3. x occurs a maximum of twice in one denominator,
with each factor used the maximum number of times x — 1 occurs once, and x + 1 occurs once. Thus the
it occurs in any one denominator. LCDis x + x(x — D(x + 1) = x*(x — D(x + 1).

The procedure for combining (adding or subtracting) two or more fractions follows.
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Adding or Subtracting Fractions

Procedure

Example

To combine fractions:

1. Find the LCD of the fractions.

2. Write the equivalent of each fraction with the LCD
as its denominator.

3. Add or subtract, as indicated, by combining like
terms in the numerator over the LCD.

4. Reduce the fraction, if possible.

y—3
y—3>5

y—23
Y —y—20
1. y2—y —20 = (y — 5)(y + 4), so the LCD is
(y—=—50y +4.
(y=—3)+4
y=—550+4
Y +y—12+y—23
(y—=—50y+4
_ Y +2y—35
(y—=—50y+4
O+ NDy =5 y+7
TGt d yra VTS

Combine

y — 23
y=—50+4

2. The sum is

3x 4
Add — + —.
a ax

Solution
1. The LCD is a?x.

@ EXAMPLE 4 Adding Fractions

3x 4 3x x 4 a 3x* 4a

2 4 =Dy D=
a? ax g*> x ax a a*
3x2  4a  3x*+ 4a

3. —+—=—F

a’x  a*x a’x

4. The sum is in lowest terms.

a’x

@ EXAMPLE 5 Combining Fractions

. y—3
Combine 5~
(y =95y

y—2
Yy —dy =5

Solution
y2—4y —5=(y—5)(y + 1), so the LCD is (y — 5)*(y + 1). Writing the equivalent
fractions and then combining them, we get
y—2 _O=36+Dh - =20 =)
=y +DhH =50+ =55+ D=3
_ 0P =2y -3) - (= Ty +10)
- =50+ 1D
¥ =2y—=3—y2+7y— 10
- (v =5+ 1)
B 5y — 13
S-S+ D

y—-3
(y — 5
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Complex Fractions

e Checkpoint

A fractional expression that contains one or more fractions in its numerator or denominator
is called a complex fraction. An example of a complex fraction is

1 4
7+7
3 X
1
3_7
Xy

We can simplify fractions of this type using the property % = %’ with ¢ equal to the LCD
C

of all the fractions contained in the numerator and denominator of the complex fraction.
For example, all fractions contained in

have LCD 3xy. We simplify this complex fraction by multiplying the numerator and denom-

inator as follows:
(L8] (L) a0
xy3 X _xy3 xyx_xy+12y

1 1 9xy — 3
3xyl 3 — — 3xy(3) — 3x <)
(-2 Tl

@ EXAMPLE 6 Complex Fractions

X734 2y 3

Simplify (7)_2)) so that only positive exponents remain.
xy
Solution
1. %
X734+ x2y73 3 3
Yo y’ LCD = x33
(o) ~2 1
()

4. Add or subtract:
()Sx—l x+9
a _

2x—5 2x—5

x+1 X

+

X x— 1

2

X
5. Simplify .
y X

(b)

x oy
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Rationalizing We can simplify algebraic fractions whose denominators contain sums and differences that

Denominators involve square roots by rationalizing the denominators. Using the fact that (x + y)(x — y) =
x> — y2, we multiply the numerator and denominator of an algebraic fraction of this type
by the conjugate of the denominator to simplify the fraction.

@ EXAMPLE 7 Rationalizing Denominators

Rationalize the denominators.

1 34+ Vi
bi
()W+\G

Vx—2

Solution
Multiplying Vx—2 by Vi + 2, its conjugate, gives the difference of two squares and
removes the radical from the denominator in (a). We also use the conjugate in (b).

@ ! Vxt+2  Vx+2  Vx+2
Vx—-2 Vax+2 (Va2-@22 x—4
3+ Ve Va—V5 3Va-3V5+x—Vax

(a)

(b) . =
Vx+ V5 Vx-V5 x—5
e Checkpoint 6. Rationalize the denominator ———.
Vx—3
2x> —4x  2x(x — 2)
e Checkpoint Solutions 1. = =x—2
2x 2x
) x2 x+3 X2 (x+3) _ X . x
"x2—-9  3x x+3)H(x—3)+3x 3x—3) 3x—9
3 sz(x—l); 10x2 CSx(x— 1) x4+ Dx—1
T2+ D) o+ Dx—1) 2(x + 1) 10x2
C (x—1)?
4
4()5)6—1 x+9 Gx—1)—x+9)
. (a - =
2x—5 2x-—5 2x — 5
Sx—=1=-x-9
2x — 5
_4x—10_2(2x—5)_2
2x — 5 2x — 5
+ 1
() * — + " hasLCD = a(x — 1)
x+1 X x+1 (x—1) X X
+ = . + el
b x—1 X x—1 x—1 x
7x2—1+ 2 X214+
x(x—1) x(x—1) x(x — 1)

22— 1
x(x — 1)
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X—l (y—l) X-xy—l'xy

Sx A\ Xy _x

y_x (y_xyw oy o x

ry Gy YTy
Y- xy  yo—x) y

R -x2 (+00-x ytx
. Vix _ Vix .\/;c+3=x+3\/;c
V-3 Vx—3 Vx+3 x—9

(%) Exercises

Simplify the following fractions. 24 4 x+1
18x%y? 15a*b3 90— 2 9_ 42
1. 2.
9x3z 30a%b s 4 _ 4= 2 6. 5 — 2
* % g Yo t8 "a-2  a et
" 3x — 9y Tox2—16 x x—1 2
22t ) T BT e
= Co9-x 4 502 b1 b
p 3 34x N 32 > 2 7 3 29. - 30. +
6x’y” — 15x%y g X7 — 4x’y 3x+6 4x+8 b2+2b 3b+6
3x2y2 + 9x2y T X%y — 2x%y2 31 3x — 1 N dx  x—4
In Problems 9-36, perform the indicated operations and 2x—4 3x—6 S5x—10
i i 2x + 1 5 x+4
simplify. 3. D
g O 16x 15 1o, 25ac | dad? 4x—2 2 2 —x
T8y 9?2 X " 15a2¢  15abc? 33, X + 4 _ x—2
8x — 16 4x — 12 =4 xX*—x—-2 x2+3x+2
11 N 3x2 2
2x — 3 =4 x2—4dx+4
12. (2 —4) - T
X2 35, —— + V3 — ¢
RIS A N Vi ke S . e S
3t 13x+ 4 x4 82+ 8 I
15 X2—x—2 18—=2x* x>—2x—38 Vi3 + 1
228 o Srd 2 6r 9 In Problems 37-46, simplify each complex fraction.
X2=5%x—6 x*—x-—12 x—x 2
16, - : 32
X=5x+4 X¥-62 xX-—2x+1 3 1 1
2 37 —= 38, — + -
17 15ac . 4a 18, 16 . 4 m 2t
Tbd  14b2d x=2 3x-6 s 3
V=2y+1 y>—4y+3 — + =
19. - X + 2 y
Ty? — Ty 35y2 3. 7 yl 40. ly :
20 6x2 L3+ 12 -+ = —+ 3
T4xZy — 12xy 2+ x— 12 roy y
9 - x2 2 —_ l 1 _ 2
21. (x> —x — 6) ~ —
"= x=0) x? = 3x 41. —; 4 — -2 120
2x* +7x + 3 3 3
2. —a -y T3 S YT
b 1
2x x+ 2 \[ - \/fl + —
23. — a X
F-x—2 P -x—2 43— Va 44, Vo — 1




13
P9 - e
45 Vxz+9
' x2—x—6
+5
\/X2+, _xi
46 Vx2+ 3
' X2 +5x+4

In Problems 47-50, rewrite each of the following so that
only positive exponents remain, and simplify.

47. (a) 272 — 37 H~! (b) 271+ 371)2

48. (a) (32 + 437172 (b) (22 + 357!

2a=! — b2 Ay
49, 24— 2 ° 50. %
(x2y)~2

(ab?)™!
In Problems 51 and 52, rationalize the denominator of
each fraction and simplify.

1 — Vax x—3

1+ Vx x— V3

In Problems 53 and 54, rationalize the numerator of each
fraction and simplify.

51. 52.

5 Vx +h— Vx s V9 +2h -3
: h : h
APPLICATIONS

55. Time study Workers A, B, and C can complete a job
in a, b, and ¢ hours, respectively. Working together, they
can complete

11 1
a b ¢
of the job in 1 hour. Add these fractions over a com-

mon denominator to obtain an expression for what they
can do in 1 hour, working together.

56. Focal length Two thin lenses with focal lengths p and
g and separated by a distance d have their combined
focal length given by the reciprocal of

11 d

P 9 prq

Key Terms and Formulas @ 49

(a) Combine these fractions.
(b) Use the reciprocal of your answer in (a) to find the
combined focal length.

Average cost A company’s average cost per unit when x
units are produced is defined to be

Total cost
Average cost = ———

Use this equation in Problems 57 and 58.
57. Suppose a company’s average costs are given by

4000
Average cost = T + 55 + 0.1x

(a) Express the average-cost formula as a single fraction.
(b) Write the expression that gives the company’s total

costs.
58. Suppose a company’s average costs are given by
40,500
Average cost = . + 190 + 0.2x

(a) Express the average-cost formula as a single fraction.

(b) Write the expression that gives the company’s total
costs.

59. Advertising and sales  Suppose that a company’s daily

sales volume attributed to an advertising campaign is
given by

318
1+3 (1 +3)

Sales volume = 1 +

where ¢ is the number of days since the campaign
started. Express the sales volume as a single fraction.

60. Annuity The formula for the future value of an annu-
ity due involves the expression

A+t —1

1

1

Write this expression over a common denominator and
factor the numerator to simplify.

Key Terms and Formulas

Section Key Terms Formulas
0.1 Sets and set membership
Natural numbers N=1{1,2,3,4...}
Empty set %)
Set equality
Subset ACB

(continued)
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Section Key Terms Formulas
Universal set U
Venn diagrams
Set intersection ANB
Disjoint sets ANB=yY
Set union AUB
Set complement A’
0.2 Real numbers
Subsets and properties
Real number line
Inequalities
Intervals and interval notation
Closed interval a=x=b or [ab]
Open interval a<x<b or (ab)
Absolute value
Order of operations
0.3 Exponent and base a" has base a, exponent n
Zero exponent a’=1,a#0
1
Negative exponent at=—
an
Rules of exponents
0.4 Radical Va
Radicand, index radicand = a; index = n
Principal nth root Va=b onlyif " =aanda=0and b =0
when 7 is even
Fractional exponents al/" = a
an/n = \/ gn = (%)m
Properties of radicals
Rationalizing the denominator
0.5 Algebraic expression

Variable

Constant term
Coefficient; leading coefficient
Term

Polynomial

Degree

Monomial

Binomial

Trinomial

Like terms

Distributive Law
Binomial products
Division of polynomials

ax" + -+ ax + ay

alb + ¢) = ab + ac




Review Exercises ® 51

Section Key Terms Formulas

0.6 Factor
Common factor
Factoring by grouping
Special factorizations

Difference of squares a2 — b% = (a+ b)a — b)
Perfect squares a? + 2ab + b% = (a + b)?
a*> — 2ab + b*> = (a — b)?
Conjugates a+tba—>b
Quadratic polynomials ax®> + bx + ¢

Factoring completely

0.7 Algebraic fractions
Numerator
Denominator
Reduce
Product of fractions
Quotient of fractions
Common denominator
Least common denominator (LCD)
Addition and subtraction of fractions
Complex fraction
Rationalize the denominator

Review Exercises

1. sACB,if A={1,2,5,7} and For Problems 11-18, evaluate each expression. Use a cal-
B = {x: xis a positive integer, x =< 8}? culator when necessary.

2. Is it true that 3 € {x: x > 3}? 1. |5 — 11] 12. 44 =2+ 11 — 102

3. Are A = {1,2,3,4} and B = {x: x = 1} disjoint? 3))(15) — (5)(8)

13. (=32 — (=13 14 1
In Problems 4-7, use sets U = {1, 2,3,4,5,6,7, 8,9, 10}, (4)(10)
A=1{1,239), and B = (1,3,5,6,7,8,10) to find the 1> 2 [3-C—[=3D]+ 1

. 16. —42 — (—4)2 + 3
elements of the sets described.

' ' 4 + 32 —-291)
4. AUB 5.A'NB 7. 18, (522D
6. (A’ N B 7. Does (A’ UB') = AN B? 4 V3.295
8. State the property of the real numbers that is illustrated 19. Write each inequality in interval notation, name the

in each case. type of interval, and graph it on a real number line.

1 1 (a 0=x=5
(a)6+§=§+6 (b) 2(3-4)=(2-3)4 (b) x=—3and x <7
1 (©) (=4,%) N (==,0)

(©) 5(6 +9=2+3 20. Write an inequality that represents each of the following.
9. Indicate whether each given expression is one or more (E) (:11’21 ?g)

of the following: rational, irrational, integer, natural, or ) [ - ] . . . .

meaningless. © 3 5 1 0 ]

(a) o (b) 0/6 (c) 6/0

10. Insert the proper sign (<, =, or >) to replace each [].
(a) w[13.14 (b)y —100J0.1 (c) =300 —12
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21. Evaluate each of the following without a calculator.

3\0
@ <§) (b) 23273

49 1\3/1\ 4
o o))

22. Use the rules of exponents to simplify each of the fol-
lowing with positive exponents. Assume all variables

are nonzero.
(@ x3-x77  (b) x8/x72 (©) (x3)3
(d) (yH—2 (e) (—y 972

For Problems 23-28, rewrite each expression so that only
positive exponents remain. Assume all variables are
nonzero.

ﬂ <2 2 —4>_2

23. Gr2y 32 24, 3x y
2 \2 (—xty—272)0
25. <2y_1> 26. iy )2

—3y4,—2 \—1 -2
27. (X y< ) 28. (ny)
3x~2y~3;73 2y )\x2
29. Find the following roots.
(@) =V —64  (b) V4/49  (c) V1.9487171

30. Write each of the following with an exponent and with
the variable in the numerator.

(a) Vx (b) Va2 () 1/V/x
31. Write each of the following in radical form.
(a) x2/3 (b) x~1/2 (© —x/2

32. Rationalize each of the following denominators and
simplify.

(@) 2 (b) >
a b
V2x xV/ xy?

In Problems 33-38, use the properties of exponents to
simplify so that only positive exponents remain. Assume
all variables are positive.

33, x!/2 . x1/3 34. y—3/4/y—7/4
36. 1/(x=4/3 - x77/3) 37, (x*5)1/2

35. x4 - x!/4
38. (x1/2y2)t

In Problems 39-44, simplify each expression. Assume all
variables are positive.

39. ViI2x3yS 40. V1250x6y°
41. V24xhy* - V4510 42, V164203 - V8aPh
i V52430 g V32
© VI3xy* - Vexy!o
In Problems 45-62, perform the indicated operations and
simplify.

45. Bx +5) — (4x + 7)
46. x(1 — x) + x[x — (2 + x)]

47. B3 —dxy =D+ Gy + 3+ 4 - 1)
48. (4xy)(6x*y?)

49. 3x — Hx — 1) 50. 3x — D(x + 2)
51. (4x + D(x — 2) 52. Gx — N2x + 1)
53. (2x — 3) 54. (4x + 3)(4x — 3)

55. 22 + DO+ x —3) 56, (2x — 1)}
4x%y — 3x3y3 — 6xty?

57. (x — y)&? + xy +y?) 58, 222

59. Bx*+ 23 —x+4) = (x2+ 1)
60. (x* —4x3 + 52 +x) + (x —3)
61. x*3(x2/3 — x~1/3)

62. (\/);-1- \/a—x)(\/;c— Va — x)

In Problems 63-73, factor each expression completely.

63. 2 — 13 64. 402 + 1)2 — 202 + 1)3
65. 4x2 —4x + 1 66. 16 — 9x2 67. 2x* — 8x2
68. x2 — 4x — 21 69. 3x2 —x —2

70. x> —5x + 6 71. x> — 10x — 24

72. 12x> — 23x — 24 73. 16x* — 72x% + 81
74. Factor as indicated: x—2/3 + x~4/3 = x=4/3(7)
75. Reduce each of the following to lowest terms.

2x 4x2y3 — 6x3y*
(a) () R —
2x + 4 2x%y* — 3xy
In Problems 76-82, perform the indicated operations and
simplify.
x2—4x x*—16
76. .
X2+ 4 x*—16x2
x2+6x+9 x2+4x+3
77. =
x2—Tx+ 12 x2—3x—4
- x* — 2x3 ;x3—4x 791+i_ 1
32 —x—2 92 —4 ’ 2x  6x2
1 x—2 x+2 x2+4
80. — 81. —
x—2 4 x2—x x2—2x+1
x—1 X 1
82. —
X—x—-2 xX2-2x—-3 x-2

In Problems 83 and 84, simplify each complex fraction.

x—1
x—1- T R
83, ———— 84, ———
1 x72 4 x7!
+ 1
x—1
N . 3x =3 o
85. Rationalize the denominator of and simplify.
Vx—1
Vx—Vx—14
86. Rationalize the numerator of % and

simplify.



