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d. Use Taylor Series to show that
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e. Use extrapolation with 2 = 1/k to better approximate .
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4.3 Elements of Numerical Integration

The need often arises for evaluating the definite integral of a function that has no explicit
antiderivative or whose antiderivative is not easy to obtain. The basic method involved in

approximating f[ f’ f (x) dx is called numerical quadrature. It uses asum ) »_,a; f(x;) to

approximate fab f(x) dx.

The methods of quadrature in this section are based on the interpolation polynomials
given in Chapter 3. The basic idea is to select a set of distinct nodes {x, . . .,x,} from the
interval [a, b]. Then integrate the Lagrange interpolating polynomial

Pyx) =Y fO)Lix)

i=0

and its truncation error term over [a, b] to obtain

b g f("H)(f(x))
Lf(x)dx—fa ;f(xi)Li(x)dx+/ Xi) CEEE

! T (n+1)
GEO / g(x—xi)f (W) dx,

= aif(x)+
i=0
where &(x) is in [a, b] for each x and

b
ai:/ Li(x) dx, foreachi=0,1,...,n

The quadrature formula is, therefore,

b n
/ ) dx~ aif (),
a i=0

with error given by

1 b~
_ v £+
E(f) = nr Dl 1)!/a i|=0| (= x;) f(E (X)) dx.

Before discussing the general situation of quadrature formulas, let us consider formulas
produced by using first and second Lagrange polynomials with equally-spaced nodes. This
gives the Trapezoidal rule and Simpson’s rule, which are commonly introduced in calculus
courses.
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194 CHAPTER 4 = Numerical Differentiation and Integration

The Trapezoidal Rule

To derive the Trapezoidal rule for approximating fa b fx)dx,letxo =a,xy =b,h=b—a
and use the linear Lagrange polynomial:

Pl = & x‘)f( )+ L2 f( ).
(xo — (x1
Then
b

/f(x)dx=/ [(x f(o)+( fm}

a X0 ( X0 — (
1o

+3 / FIEE)x— x0)(x — x1) . 423)
x0

The product (x — xp) (x — x;) does not change sign on [xp, x;], so the Weighted Mean Value
Theorem for Integrals 1.13 can be applied to the error term to give, for some & in (xg, x),

x| X1
/ FE@) @ —x0)(x —x1) dx = f”(S)/ (x — x0) (x — x1) dx
X0 X0

3 X1
= f"®) r _atm) +x0)x2 + xox1x
3 2 i
0
h3
== gf é).
When we use the term trapezoid Consequently, Eq. (4.23) implies that
we mean a four-sided figure that b x] 3
has at least two of its sides / F(x) dx = |: (x— f( o) + 100 (x— ) f( 1)j| _ —f//(é:)
parallel. The European term for a 2(xo — 2(x; X0 12

this figure is trapezium. To further

confuse the issue, the European (x1 — xo) h ”
S, = ——F—[fo) + faD]— = f&).
word trapezoidal refers to a 2 12

four-sided figure with no sides Using the notation & = x; — xg gives the following rule:
equal, and the American word for
this type of figure is trapezium. Trapezoidal Rule:

b h h3
/ @) dx = E[f()m) + [l — Ef”(é)-

This is called the Trapezoidal rule because when f is a function with positive values,
fa b f(x) dx is approximated by the area in a trapezoid, as shown in Figure 4.3.

Figure 4.3
Y
y =/
Y = Py(x)
a= Xg x;=b x

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage L earning reserves the right to remove additional content at any time if subsequent rights restrictions reguireit.
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The error term for the Trapezoidal rule involves f”, so the rule gives the exact
result when applied to any function whose second derivative is identically zero, that is, any
polynomial of degree one or less.

Simpson’s Rule

Simpson’s rule results from integrating over [a, b] the second Lagrange polynomial with
equally-spaced nodes xo = a, x, = b, and x; = a + h, where h = (b — a)/2. (See

Figure 4.4.)
Figure 4.4
'Y
y=f&)
Y = Pyx)
a= Xg xll X, =0b =x
Therefore
b 20 (x—x)(x — (x — x0) (x —
d =
/a S dx / |:(X0 — XD —xz)f( Ry x2> S
(x — x0)(x — x1)
d
(X2 — x0) (X2 — x1) f(xz)] *
+ I ) ax
X0

Deriving Simpson’s rule in this manner, however, provides only an O(h*) error term involv-
ing f®. By approaching the problem in another way, a higher-order term involving f®
can be derived.

To illustrate this alternative method, suppose that f is expanded in the third Taylor
polynomial about x;. Then for each x in [xg, x»], a number & (x) in (xp, x,) exists with

” " “)
f;xl)(x_ ) féxl)(x_xl)3+f ;i(x»

f) = fa)+fa)G—x)+ x1)”+ (c—x)*

and

X ”
f f(x)dx=[f(x]>(x—xl)+&< - 1)2+M( )
X0

")
24

+ (x— Y‘} +§ f FPE@) @ —x)t dr. (424)
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196 CHAPTER 4 =

Thomas Simpson (1710-1761)
was a self-taught mathematician
who supported himself during his
early years as a weaver. His
primary interest was probability
theory, although in 1750 he
published a two-volume calculus
book entitled The Doctrine and

Application of Fluxions.

Example 1

Numerical Differentiation and Integration

Because (x — x)* is never negative on [xg,x7], the Weighted Mean Value Theorem for
Integrals 1.13 implies that

| (e @ x @ x
o) ARG % /XO (x—x)* dr = fT(g‘)(x —x1>5L,

for some number & in (xg, x7).
However, h = x, — x; = x1 — Xxp, SO

(o —x)> = (0 —x)* = (p —x)* — (g —x1)* =0,
whereas
(2 —x)* = (o —x)’ =217 and (e —x)° — (v —x1)” = 2K°.
Consequently, Eq. (4.24) can be rewritten as

F@ED

K.
60

X2 h3
/ FO0 =200+ ) +
X0

If we now replace f”(x;) by the approximation given in Eq. (4.9) of Section 4.1, we
have

X2 h3 1 h2 @)
/X 0 f@)dx =2hf(x)+ ?{ﬁ[f(xo) —2f () + f()] — Ef(4)($2)} L6 6(()51);;5
—Il[f(x)—i—4f(x)-|-f(x)]_h_5 lf“‘)(g)_lf(‘l)(g)
= 3 0 1 2 1213 2 5 1 .

It can be shown by alternative methods (see Exercise 24) that the values &, and &, in this
expression can be replaced by a common value £ in (xg, x2). This gives Simpson’s rule.

Simpson’s Rule:

X h hS
/ @) dx = 31f (o) +4f () + f ()] - %f(“)(f).
X0

The error term in Simpson’s rule involves the fourth derivative of f, so it gives exact
results when applied to any polynomial of degree three or less.

2
Compare the Trapezoidal rule and Simpson’s rule approximations to / f(x) dx when f(x)
0
is
(@ x* (b) x* © @+
d 14+x2 (e) sinx & &

Solution On [0, 2] the Trapezoidal and Simpson’s rule have the forms
2
Trapezoid: / fx)de~ f(0)+ f(2) and
0

2
Simpson’s: / f&x) dx =~ %[f(O) +4f£0)+ f(2)]
0
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Table 4.7

Definition 4.1

The improved accuracy of
Simpson’s rule over the
Trapezoidal rule is intuitively
explained by the fact that
Simpson’s rule includes a
midpoint evaluation that provides
better balance to the
approximation.

The open and closed terminology
for methods implies that the open
methods use as nodes only points
in the open interval, (a, b) to
approximate /H/’ f(x)dx. The
closed methods include the points
a and b of the closed interval

[a, b] as nodes.
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When f(x) = x* they give
2
Trapezoid: / f(x)dx~0*4+2>=4 and
0
; ? Lo 2,92 8
Simpson’s: f(x)dxwg[(o )+4-1742 ]:5.
0

The approximation from Simpson’s rule is exact because its truncation error involves @,
which is identically O when f(x) = x2.
The results to three places for the functions are summarized in Table 4.7. Notice that

in each instance Simpson’s Rule is significantly superior. [ ]
(@) (b) (© (d (e ®

fx) x2 x* x4+ D! 1+ x2 sinx e

Exact value 2.667 6.400 1.099 2.958 1.416 6.389

Trapezoidal 4.000 16.000 1.333 3.326 0.909 8.389

Simpson’s 2.667 6.667 1.111 2.964 1.425 6.421

Measuring Precision

The standard derivation of quadrature error formulas is based on determining the class of
polynomials for which these formulas produce exact results. The next definition is used to
facilitate the discussion of this derivation.

The degree of accuracy, or precision, of a quadrature formula is the largest positive integer
n such that the formula is exact for x*, foreachk =0, 1, ..., n. ]

Definition 4.1 implies that the Trapezoidal and Simpson’s rules have degrees of preci-
sion one and three, respectively.
Integration and summation are linear operations; that is,

b b b
/ (af (@) + Bg(x)) dx = Ot[ Jf(x)dx + ﬁ/ g(x) dx

and

D af )+ BN =aY fe)+BY g,

i=0 i=0 i=0

for each pair of integrable functions f and g and each pair of real constants o and S. This
implies (see Exercise 25) that:

e The degree of precision of a quadrature formula is n if and only if the error is zero for
all polynomials of degree k = 0, 1, ..., n, but is not zero for some polynomial of degree
n+ 1.

The Trapezoidal and Simpson’s rules are examples of a class of methods known as Newton-
Cotes formulas. There are two types of Newton-Cotes formulas, open and closed.
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Figure 4.5

Theorem 4.2

Roger Cotes (1682-1716) rose
from a modest background to
become, in 1704, the first
Plumian Professor at Cambridge
University. He made advances in
numerous mathematical areas
including numerical methods for
interpolation and integration.
Newton is reputed to have said of
Cotes ...if he had lived we might
have known something.

Numerical Differentiation and Integration

Closed Newton-Cotes Formulas

The (n+ 1)-point closed Newton-Cotes formula uses nodes x; = xo +ih, fori =0,1,...,n,
where xo = a, x, = b and h = (b — a)/n. (See Figure 4.5.) It is called closed because the
endpoints of the closed interval [a, b] are included as nodes.

=Y

The formula assumes the form

b n
f f de~ Yy aif (),
a i=0

where

Xn Xp M e
a,-:/ L,-(x)dx:/ Hudx
X0 X0 =0 (-xi - -x])
J#L
The following theorem details the error analysis associated with the closed Newton-
Cotes formulas. For a proof of this theorem, see [IK], p. 313.

Suppose that > a; f (x;) denotes the (n + 1)-point closed Newton-Cotes formula with
Xo = a,x, = b,and h = (b — a)/n. There exists & € (a, b) for which

hn+3f(n+2) (S) n

b n
/ f(x)dx:Za,-f(xi)—}- @t —1)---(t —n) dt,
a i=0

(n+2)!
if nis even and f € C"*?[a, b], and
b n hn+2f(n+1)(§-) n
dx = o)+ ———2 ] e —1)---(t —n) dt,
fa f(x) dx ;af(x) L ), D=
ifnisoddand f € C"*'[a, b]. ™
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Note that when n is an even integer, the degree of precision is n + 1, although the
interpolation polynomial is of degree at most n. When n is odd, the degree of precision is
only n.

Some of the common closed Newton-Cotes formulas with their error terms are listed.
Note that in each case the unknown value £ lies in (a, b).

n = 1: Trapezoidal rule
x| h h3
/ J@) dx=SLf (o) + f)] = 5 /7€), where xp <& <. (4.25)
X0
n = 2: Simpson’s rule

X h hS
/ F @) dx = 31f (o) +4f () + f ()] - 9—Of<4’<s>, where xp < & < x,.
’ (4.26)

n = 3: Simpson’s Three-Eighths rule

5 3h 3
/ FO0 de = S0 43700 4370+ F@] - 30 U@, @)
X0

where xp < & < x3.

n=4:

X4 2h 8hn’
/ G dx = 27 f (o) +32f () + 12f (02) + 32f (63) + 7 f ()] — %f(“(é‘),
X0

where xp < & < x4. (4.28)

Open Newton-Cotes Formulas

The open Newton-Cotes formulas do not include the endpoints of [a, b] as nodes. They use
the nodes x; = xo + ih, foreachi =0,1,...,n, where h = (b—a)/(n+2) and xo = a+ h.
This implies that x,, = b — h, so we label the endpoints by setting x_; = @ and x,,41 = b,
as shown in Figure 4.6 on page 200. Open formulas contain all the nodes used for the
approximation within the open interval (a, b). The formulas become

b Xn+1 n
| rwar= [ rw s Y arco.
¢ i=0

xX_]

where

b
a,~=/ L;(x) dx.
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Figure 4.6

Numerical Differentiation and Integration

Y A

a=x_4 Xy X1 Xy X, X, 1=b X

Theorem 4.3

The following theorem is analogous to Theorem 4.2; its proof is contained in [IK],
p- 314.

Suppose that > a; f (x;) denotes the (n + 1)-point open Newton-Cotes formula with
X_1 =a,X,+1 =b,and h = (b — a)/(n + 2). There exists & € (a, b) for which

b n hn+3 (n+2) n+1
[ rwas=Yarm+ =L E [ te-ni-na
a l:O . —

if nis even and f € C"*?[a, b], and

hn+2 (n+1)
/f(x)dx_Zaf(x,)+ (f+1)'($) ] t(t—1)~-~(t—n)dt,

ifnisodd and f € C"'[a,b]. -

Notice, as in the case of the closed methods, we have the degree of precision compar-
atively higher for the even methods than for the odd methods.

Some of the common open Newton-Cotes formulas with their error terms are as
follows:

n = 0: Midpoint rule
X1 h3
/ Fx) dx =2hf(x) + ?f”(é), where x_; < £ < xj. (4.29)
x_1
n=1:

& 3h 3,
f f(x)dx = T[f(x(’) + fDl+ Tf (§), where x_j <& <x. (430
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3 4h 1413 @
/ fx) dx = ?[Zf(xO) — [ +2f ()] + ?f é), (4.31)
X_p
where x_| <& < x3.

n=3:

*4 5h 95
/ fO0 dx = IHLf (o) + f () + f () + T1f )] + mhsf(‘”(é), (4.32)
X—1

where x| <& < x4.

Example 2 Compare the results of the closed and open Newton-Cotes formulas listed as (4.25)—(4.28)
and (4.29)—(4.32) when approximating

/4
/ sinx dx = 1 — +/2/2 ~ 0.29289322.
0

Solution For the closed formulas we have

4
no1. TP [sino 1 sin %] ~ 0.27768018
8
n=2: (”SL [sin 0 -+ 4sin % 4 sin %] ~ 0.29293264
(/12
n=3 (’Té ) [sinO + 3sin % 43 sin% +sin %] ~ 0.29291070
2(7/16)
n—

3
5 |:7sin0—|—32sinf—6 n 123in%+325in1—76r +7sin %] ~ 0.29289318

and for the open formulas we have

n=0: 20t/8) [sin %] ~ 0.30055887

IRRAGIA§ AN 2]~ 029798754
n= sin — 4+ sin — | = 0.
2 L 12 6
4(z/16) [ bia bis 37
n=2: MO G0 T _in T 4 2sin X | ~ 0.29285866
3 L 16 8 16
5m@/200 [, . = 1 . 3w Lo
=3 ————— | 11 sin — + sin — +sin — + 11sin — | &~ 0.29286923
" Sy T R T T I 5
Table 4.8 summarizes these results and shows the approximation errors. [ ]
Table 4.8 n 0 1 ) 3 4
Closed formulas 0.27768018 0.29293264 0.29291070 0.29289318
Error 0.01521303 0.00003942 0.00001748 0.00000004
Open formulas 0.30055887 0.29798754 0.29285866 0.29286923
Error 0.00766565 0.00509432 0.00003456 0.00002399
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EXERCISE SET 43

1.  Approximate the following integrals using the Trapezoidal rule.

1 0.5 2
a. f x*dx b. / dx
0.5 o x—4

15 1
[ / X nxdx d. / x2e ™ dx
1 0

1.6 035
2x 2
. dx f. d
¢ /1 x2—4 /0 4™
/4 /4
g / xsinx dx h. / ¥ sin 2x dx
0 0
2.  Approximate the following integrals using the Trapezoidal rule.
025 0
a. / (cosx)* dx b. f xIn(x+ 1) dx
—0.25 -0.5
1.3 e+1 1
c f ((sinx)* — 2xsinx + 1) dx d. f dx
0.75 e xInx

Find a bound for the error in Exercise 1 using the error formula, and compare this to the actual error.
Find a bound for the error in Exercise 2 using the error formula, and compare this to the actual error.
Repeat Exercise 1 using Simpson’s rule.

Repeat Exercise 2 using Simpson’s rule.

Repeat Exercise 3 using Simpson’s rule and the results of Exercise 5.

Repeat Exercise 4 using Simpson’s rule and the results of Exercise 6.

L XN RW

Repeat Exercise 1 using the Midpoint rule.

10. Repeat Exercise 2 using the Midpoint rule.

11.  Repeat Exercise 3 using the Midpoint rule and the results of Exercise 9.

12. Repeat Exercise 4 using the Midpoint rule and the results of Exercise 10.

13. The Trapezoidal rule applied to foz f(x) dx gives the value 4, and Simpson’s rule gives the value 2.
What is f(1)?

14.  The Trapezoidal rule applied to foz f(x) dx gives the value 5, and the Midpoint rule gives the value 4.
What value does Simpson’s rule give?

15.  Find the degree of precision of the quadrature formula

/:f(x)dx=f(—\f>+f(?).

16. Leth = (b—a)/3,x0 = a,x; = a+ h, and x, = b. Find the degree of precision of the quadrature
formula

b 9 3
/ F)de = {0 + 3hf ).

17. The quadrature formula fll f@) dx = cof(—1) + ¢1 £(0) + 2 f(1) is exact for all polynomials of
degree less than or equal to 2. Determine cy, ¢y, and ¢;.

18. The quadrature formula foz f@) dx = cof(0) + c1 f(1) + c2f(2) is exact for all polynomials of
degree less than or equal to 2. Determine ¢y, ¢, and c;.

19. Find the constants ¢y, ¢, and x; so that the quadrature formula

1
/ FO) dr = cof ©) + 1 f ()
0

has the highest possible degree of precision.
20. Find the constants xo, X1, and ¢, so that the quadrature formula

1
1
/ fx) dx = Ef(xo) + o fx)
0

has the highest possible degree of precision.
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4.4 Composite Numerical Integration 203

21. Approximate the following integrals using formulas (4.25) through (4.32). Are the accuracies of
the approximations consistent with the error formulas? Which of parts (d) and (e) give the better
approximation?

0.1 /2
a. V1+4xdx b. / (sinx)? dx
0 0
15 10 4
c. / e' dx d. / —dx
L1 1 X
55 1 10 1 1
e. / fdx—i—‘/. —dx f. / X3 dx
1 X 55 X 0
22.  Given the function f at the following values,
x ‘ 1.8 ‘ 2.0 ‘ 2.2 ‘ 2.4 ‘ 2.6
fx) ‘ 3.12014 ‘ 4.42569 ‘ 6.04241 ‘ 8.03014 ‘ 10.46675
approximate || 12_56 f (%) dx using all the appropriate quadrature formulas of this section.

23.  Suppose that the data of Exercise 22 have round-off errors given by the following table.

X ‘ 1.8 ‘ 2.0 ‘ 22 ‘ 24 ‘ 2.6

Error in f(x) ‘ 2x107° ‘ —2x107° ‘ —09 x 107 ‘ —09 x 10~ ‘ 2 x 107
Calculate the errors due to round-off in Exercise 22.

24. Derive Simpson’s rule with error term by using
X2
/ J@) dx = agf(xo) +arf () +arf(x2) +kfOE).
X0

Find ay,a,, and a, from the fact that Simpson’s rule is exact for f(x) = x" when n = 1,2, and 3.
Then find k by applying the integration formula with f(x) = x*.

25. Prove the statement following Definition 4.1; that is, show that a quadrature formula has degree of
precision n if and only if the error E(P(x)) = 0 for all polynomials P(x) of degree k = 0, 1,...,n,
but E(P(x)) # 0 for some polynomial P(x) of degree n + 1.

26. Derive Simpson’s three-eighths rule (the closed rule with n = 3) with error term by using
Theorem 4.2.

27. Derive the open rule with n = 1 with error term by using Theorem 4.3.

4.4 Composite Numerical Integration

Piecewise approximation is often
effective. Recall that this was
used for spline interpolation.

Example 1

The Newton-Cotes formulas are generally unsuitable for use over large integration inter-
vals. High-degree formulas would be required, and the values of the coefficients in these
formulas are difficult to obtain. Also, the Newton-Cotes formulas are based on interpola-
tory polynomials that use equally-spaced nodes, a procedure that is inaccurate over large
intervals because of the oscillatory nature of high-degree polynomials.

In this section, we discuss a piecewise approach to numerical integration that uses the
low-order Newton-Cotes formulas. These are the techniques most often applied.

Use Simpson’s rule to approximate f04 e dx and compare this to the results obtained

by adding the Simpson’s rule approximations for f02 e* dx and f; e dx. Compare these

approximations to the sum of Simpson’s rule for fol e dx, |, ]2 e* dx, f; e* dx, and f; e* dx.
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Solution Simpson’s rule on [0, 4] uses & = 2 and gives
4 2
/ e dx ~ 5(eo +4e” + e*) = 56.76958.
0

The exact answer in this case is e* — ¢® = 53.59815, and the error —3.17143 is far larger
than we would normally accept.
Applying Simpson’s rule on each of the intervals [0, 2] and [2, 4] uses & = 1 and gives

4 2 4
/exdxz-/e"dx—i—/ e dx
0 0 2

%(eo+4e+e2)+%(e2+4e3+e4)
1

I

= (eo +de + 2% + 483 + e4)

(O]

= 53.86385.

The error has been reduced to —0.26570.
For the integrals on [0, 1],[1, 2],[3, 4], and [3, 4] we use Simpson’s rule four times with
h= % giving

4 1 2 3 4
/e’%lx:/exdx—i—/ exaix—i—/ exdx—i—f e dx
0 0 1 2 3
1 1
%g(e0+4e1/2+e)+5(e+4e3/2+62)

+ - (e +4e + ) + é (¢ + 4’ + %)

N =

1
=< (eo +4e'? 4 2e + 4e¥% + 26 + 46% 2% 4 47?4 e4)
= 53.61622.
The error for this approximation has been reduced to —0.01807. [ ]

b
To generalize this procedure for an arbitrary integral / f(x) dx, choose an even

integer n. Subdivide the interval [a, b] into n subintervals, and apply Simpson’s rule on
each consecutive pair of subintervals. (See Figure 4.7.)

Figure 4.7

<Y

a=Xg X2 Xgj—2 Xoj—1 Xy b=x,
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4.4 Composite Numerical Integration 205

With h = (b — a)/n and x; = a + jh, foreachj = 0,1, ...,n, we have

n/2 j

/ fx) dx— fx) dx
— X2j—-2
n/2

5
Z{ [f (ajo2) + 4 (62jo1) + f (02 )] = Of“)(s,)},

for some &; with xp;_» < & < x;, provided that f € C*a,b]. Using the fact that for each
j=12,...,(n/2) — 1 we have f(x,;) appearing in the term corresponding to the interval
[x2j—2,%2;] and also in the term corresponding to the interval [x;;, x2;42], we can reduce

this sum to
h (n/2)—1 n/2 S n/2 \
f fE)de= 2 f(xo) +2 ,Zl f(xz])+4jzl:f(xz, D+ () —9OZf“($,

The error associated with this approximation is

5 n/2

h
E(f) = Z )

where xp;_» < & < xpj,foreachj=1,2,...,n/2.
If f € C*[a, b], the Extreme Value Theorem 1.9 implies that £ assumes its maximum
and minimum in [a, b]. Since

min fP @) < f9E) < max P,

x€la,b]
we have
n n/2
“4) “) “4)
— mm x) < — max X
5 min fO0) = Zf ) = 5 max fO0)
J
and
2 n/2
“4) “) 4)
min xX) < — ;) < max X).
min fO0) = n;f &) = max fY@)
J:

By the Intermediate Value Theorem 1.11, there is a u € (a, b) such that

n/2

fOm) = Z fOE).

Thus

5 n/2

E(f) = Z o) = —@nf“”(u)

or, since h = (b — a)/n,

—a)
180

These observations produce the following result.

E(f) = ———=—h'fP(w).
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Theorem 4.4 Let f € C*[a,b], nbe even, h = (b — a)/n, and x; = a + jh, for each j = 0, 1,...,n.
There exists a i € (a, b) for which the Composite Simpson’s rule for n subintervals can
be written with its error term as

b h (n/2)—1 n/2 b—a
/ f@dv=2 | f@+2 3 foa)+4Y o0+ f0) | - o=k FO0.
a j=1 Jj=1

Notice that the error term for the Composite Simpson’s rule is O(h*), whereas it was
O(h?) for the standard Simpson’s rule. However, these rates are not comparable because for
standard Simpson’s rule we have & fixed at # = (b — a)/2, but for Composite Simpson’s
rule we have & = (b — a)/n, for n an even integer. This permits us to considerably reduce
the value of & when the Composite Simpson’s rule is used.

Algorithm 4.1 uses the Composite Simpson’s rule on n subintervals. This is the most
frequently used general-purpose quadrature algorithm.

Composite Simpson’s Rule
To approximate the integral / = fab f ) dx:

INPUT endpoints a, b; even positive integer n.
OUTPUT  approximation XI to I.
Step 1 Seth= (b —a)/n.

Step 2 Set XIO = f(a) + f(b);
XI1 =0; (Summation of f(x2;—1).)
XI2 =0. (Summation of f(x2;).)

Step3 Fori=1,...,n—1do Steps 4 and 5.
Step4 SetX =a+ih.

Step 5 If i is even then set XI2 = XI2 + f(X)
else set XI1 = XI1 + f(X).

Step 6 Set XI = h(XI0 +2 - XI2 + 4 - XI1)/3.

Step 7 OUTPUT (XI);
STOP. "

The subdivision approach can be applied to any of the Newton-Cotes formulas. The
extensions of the Trapezoidal (see Figure 4.8) and Midpoint rules are given without proof.
The Trapezoidal rule requires only one interval for each application, so the integer n can be
either odd or even.

Theorem 4.5 Let f € C?[a,b], h = (b — a)/n, and X; = a+ jh,foreachj = 0,1,...,n. There exists
a i € (a,b) for which the Composite Trapezoidal rule for n subintervals can be written
with its error term as

b h n—1 bh— ,
/a f@dx=2| f@+2) fo)+f®) |- Tahzf (). ]

j=1
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Figure 4.8

Figure 4.9

Theorem 4.6

Example 2

4.4 Composite Numerical Integration 207

YA
NS
AN
A
a=xy X1 XX x,., b=x, x
For the Composite Midpoint rule, n» must again be even. (See Figure 4.9.)
DAY
y =)
-~
N
\_/-
: : : >
a=X_1 X X Xpj—1Xy Xoj+1  Xp—1 Xy b=x,41 x

Let f € C?[a,b], n be even, h = (b — a)/(n + 2), and x; = a+ (j + 1)h for each
j=—1,0,...,n+ 1. There exists a u € (a, b) for which the Composite Midpoint rule
for n + 2 subintervals can be written with its error term as

n/2

/ F0dr =20 Flan+ R ), 2

Jj=0

Determine values of % that will ensure an approximation error of less than 0.00002 when
approximating foﬂ sin x dx and employing
(a) Composite Trapezoidal rule and (b) Composite Simpson’s rule.

Solution (a) The error form for the Composite Trapezoidal rule for f(x) = sinx on [0, ]
is

| = | (= sin | =
f = 12 sin i |sm,u|
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To ensure sufficient accuracy with this technique we need to have
mh’ |sin | < T .00002
——|sin — < 0. .
2 =T
Since h = 7 /n implies that n = 7 /h, we need
3

12n?

3

12(0.00002)

1/2
< 0.00002 which implies that n > < ) ~ 359.44.

and the Composite Trapezoidal rule requires n > 360.

(b) The error form for the Composite Simpson’s rule for f(x) = sinx on [0, 7] is

aht
——|sin ul.

P )' '—smu 30

‘180 180

To ensure sufficient accuracy with this technique we need to have

18;' sinu| < %h; < 0.00002.
Using again the fact that n = 7 /h gives
73 7 i
180 < 0.00002 which implies that n > (WOOOOZ)) ~ 17.07.

So Composite Simpson’s rule requires only n > 18.
Composite Simpson’s rule with n = 18 gives

2i—1
/smxdx~— ZZsm( )+4Zs <(J )”> = 2.0000104.
0

This is accurate to within about 10~ because the true value is — cos(rr) — (— cos(0)) = 2.
[

Composite Simpson’s rule is the clear choice if you wish to minimize computation.
For comparison purposes, consider the Composite Trapezoidal rule using & = /18 for the
integral in Example 2. This approximation uses the same function evaluations as Composite
Simpson’s rule but the approximation in this case

17 .
/smxdx~l 2Zsm(18>+smo+smn =;T_6 Z;Sin <’1£8) — 1.9949205.

0

is accurate only to about 5 x 1073,
Maple contains numerous procedures for numerical integration in the NumericalAnal-
ysis subpackage of the Student package. First access the library as usual with

with(Student[NumericalAnalysis])

The command for all methods is Quadrature with the options in the call specifying the
method to be used. We will use the Trapezoidal method to illustrate the procedure. First
define the function and the interval of integration with

fi=x—sinx); a:=00; b:=nx
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After Maple responds with the function and the interval, enter the command

Quadrature( f (x),x = a..b, method = trapezoid, partition = 20, output = value)
1.995885973

The value of the step size  in this instance is the width of the interval b — a divided by the
number specified by partition = 20.

Simpson’s method can be called in a similar manner, except that the step size / is
determined by b — a divided by twice the value of partition. Hence, the Simpson’s rule
approximation using the same nodes as those in the Trapezoidal rule is called with

Quadrature( f (x),x = a..b, method = simpson, partition = 10, output = value)
2.000006785
Any of the Newton-Cotes methods can be called using the option
method = newtoncotes[open,n] or method = newtoncotes[closed,n]

Be careful to correctly specify the number in partition when an even number of divisions
is required, and when an open method is employed.

Round-Off Error Stability

In Example 2 we saw that ensuring an accuracy of 2 x 10~ for approximating foﬂ sin x dx
required 360 subdivisions of [0, ] for the Composite Trapezoidal rule and only 18 for
Composite Simpson’s rule. In addition to the fact that less computation is needed for the
Simpson’s technique, you might suspect that because of fewer computations this method
would also involve less round-off error. However, an important property shared by all the
composite integration techniques is a stability with respect to round-off error. That is, the
round-off error does not depend on the number of calculations performed.

To demonstrate this rather amazing fact, suppose we apply the Composite Simpson’s
rule with n subintervals to a function f on [a, b] and determine the maximum bound for the
round-off error. Assume that f(x;) is approximated by f (x;) and that

Numerical integration is expected
to be stable, whereas numerical
differentiation is unstable.

f(x) = f(x)+e, foreach i=0,1,...,n,

where e; denotes the round-off error associated with using f (x;) to approximate f (x;). Then
the accumulated error, e(h), in the Composite Simpson’s rule is

h (n/2)—1 n/2
e(h) = 3 eo+2 ; 62j+4j2:;32j71+en

(n/2)—1 n/2

h
3| leol+2 D7 leal +43 leajtl + leal

Jj=1 J=1

IA

If the round-off errors are uniformly bounded by ¢, then

e(h)g§[8+2(g—1>8+4(g)8+8]=§3n8:nh8.
Butnh =b —a, so

e(h) < (b—ae,
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210 CHAPTER 4 = Numerical Differentiation and Integration

a bound independent of & (and n). This means that, even though we may need to divide
an interval into more parts to ensure accuracy, the increased computation that is required
does not increase the round-off error. This result implies that the procedure is stable as &
approaches zero. Recall that this was not true of the numerical differentiation procedures
considered at the beginning of this chapter.

EXERCISE SET 44

1. Use the Composite Trapezoidal rule with the indicated values of n to approximate the following

integrals.
2 2
a. / xlnxdx, n=4 b. / Xefdx, n=4
12 ) 2
C. / ——dx, n=6 d. f x’cosxdx, n=6
0 )Cz +4 0
2 3
e. / e sin3xdx, n=38 f. / ———dx, n=28
0 1 x2 —+ 4
5 1 37/8
8 ———dx, n=2~8 h. / tanxdx, n=28
8 3 x2—4 0

2. Use the Composite Trapezoidal rule with the indicated values of n to approximate the following

integrals.
0.5 0.5
a. / cos’xdx, n=4 b. / xInx+Ddx, n=6
—-0.5 —-0.5
1.75 e+2
c. / (six —2xsinx+ D dxy, n=8 d. / dx, n=38
. xInx

75
Use the Composite Simpson’s rule to approximate the integrals in Exercise 1.

Use the Composite Simpson’s rule to approximate the integrals in Exercise 2.

Use the Composite Midpoint rule with n + 2 subintervals to approximate the integrals in Exercise 1.
Use the Composite Midpoint rule with n 4 2 subintervals to approximate the integrals in Exercise 2.
Approximate foz x?In(x? + 1) dx using h = 0.25. Use

a. Composite Trapezoidal rule.

N R ®

b. Composite Simpson’s rule.
¢.  Composite Midpoint rule.
8. Approximate [, x2¢™ dx using h = 0.25. Use
a. Composite Trapezoidal rule.
b. Composite Simpson’s rule.
c.  Composite Midpoint rule.
9. Suppose that f(0) = 1, f(0.5) = 2.5, f(1) = 2, and f(0.25) = f(0.75) = «. Find « if the
Composite Trapezoidal rule with n = 4 gives the value 1.75 for f()] fx) dx.

10.  The Midpoint rule for approximating fjl f(x) dx gives the value 12, the Composite Midpoint rule
with n = 2 gives 5, and Composite Simpson’s rule gives 6. Use the fact that f(—1) = f(1) and
f(=0.5) = f(0.5) — 1 to determine f(—1), f(—0.5), £(0), £(0.5), and f(1).

11.  Determine the values of n and /& required to approximate

2
/ e sin 3x dx
0

to within 1074, Use

a. Composite Trapezoidal rule.
b. Composite Simpson’s rule.
¢.  Composite Midpoint rule.
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