Chapter 9 Relations
9.1 Relations and Their Properties

Definition: Binary relation

Let A and B be two sets. A binary relation from A toB is a subset of a Cartesian
product A x B.

+ LetRc AxB means R is a set of ordered pairs of the form (a,b)where a € A
and b € B.
« We use the notation a R b to denote (a,b) € R and a R b todenote (a,b) ¢ R. If

aRb,wesayaisrelated to b by R
Example 1: Let A={a,b,c} and B={1,2,3}.

+ Is R={(a,1),(b,2),(c,2)} a relation from A to B? Yes.
« Is Q={(1,a),(2,b)} a relation from A to B? No.
+ Is P={(a,a),(b,c),(b,a)} a relation from A to A? Yes

Representing binary relations

« We can graphically represent a binary relation R as follows:
- ifa R b then draw an arrow from a to b.
a—>b

Example 2:

- LetA=/{0, 1, 2}, B={a,b}
and R={(0,a), (0,b), (1,a), (2,b) } is a relation from A to B.
+ Graph:

- We can represent a binary relation R by a table showing(marking) the ordered
pairs of R.
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Example 3:

- LetA={0,1,2},B={uv}and R={(0,u), (O,v), (1,v), (2,u) }
- Table:

R | u i or R U v
0] X 0| 1 1
1] 1] 0 1
2| x 2| 1 0

Functions as Relations

- Relations represent one to many relationships betweenelements in A and B.
« For example:

« What is the difference between a relation and a function from A to B?
+ A function defined on sets A, B

A - B assigns to each element in the domain set A exactly one element from B.

« So it is a special relation.

a—— "1

2
—3

Relation on the set

Definition:

[ A relation on the set A is a relation from A to itself.

Example 4:
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- LetA={1,2,3,4}and R, = {(a,b)| adivides b}
- What does R;, consist of?

Rav ={(1,1), (1.2), (1,3), (1.4), (2.2), (2,4), (3.3), (4.4)}
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Example 5:

- Let A={1234}.
- Definea R+ bifand only if a #b.

R, ={(1,2),(1,3).(1,4).(2,1).(2,3),(2,4),(3,1),(3,2),(3,4).(4.1).(4.2).(4.3)}

R | 2 3 4

| X X X
2 | X X X
3 | X X X
4 | X X X

Theorem: The number of binary relations on a set A, where |A|=nis: 2n2
Proof

If | A|=n then the cardinality of the Cartesian product
|AXA|=n2

- Ris abinary relation on A if R — A x A (that is, R is a subsetof A x A).
.« The number of subsets of a set with k elements : 2%

- The number of subsets of A x A'is : 5| AXA| _ on?
Example 6: Let A={1,2}
« WhatisAxA?
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AxA={(11),1.2),21),2,2)}
- List of possible relations (subsets of A x A):

.

- {LD} {12} {21} {2.2)}

- {11, (1.2} {1.1).21)}
{(1,1).22)} {(1.2),21)}
{(1,2),2.2)} {(21).(2,2)}

- {(11),(1,2),(2.1)}
{(1,1),(1,2),2.2)}
{(1,1),(2,1),(2.2)}
{(1.2),(2,1),(2,2)}

- {(1,1).(1,2),(21),(2,2)}

. Use formula: 24 = 16

Properties of relations

Definition:(reflexive relation) :

A relation R on a set A is called reflexive if (a,a) € R for every element a € A.

Example 7:

- Assume relation R, ={(a b), ifa[b} on A={1,2,3,4}
 Is Rqjy reflexive?

Ry ={(1.1), (1,2), (1.3), (1.4), (2.2), (2,4), (3.3), (4.4)}
- Answer: Yes. (1,1), (2,2), (3,3),and (4,4) e R

div *

111 1




Chapter 9 >

MRdIV =

0
0
0

1
0
0

0
1
0

RO

<

Relations

- A relation R is reflexive if and only if MR has 1 in everyposition on its main

diagonal.

Example 8:

- Relation R

fun

+ Is Rfyn reflexive?

Definition:(irreflexive relation) :

No. It is not reflexive since (1,1) ¢ R

on A ={1,2,3,4} defined as:
* Rfun = {(1’2)’(2’2)!(313)}

A relation R on a set A is called irreflexive if (a,a) ¢ R for every a € A.

Example 9:

e Assume relation Rz on A={1,2,3,4}, such that a Rz b if and onlyif a # b.

Is Rg irreflexive?

R#={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(3,1),(3,2),(3,4),(4,1),(4,2),(4,3)}
Answer: Yes. Because (1,1),(2,2),(3,3) and (4,4) ¢ R

A relation R is irreflexive if and only if MR has 0 in everyposition on its main

diagonal.

MR
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Example 10:

* R;,, onA={1,2,3,4} defined as:
* Rfun = {(1/2)r(2;2)r(3;3)}

« Is Rfyn irreflexive?

fun

« Answer: No. Because (2,2) and (3,3) € R,

Definition:(symmetric relation):

A relation R on a set A is called symmetricif V a,b € A (a,b)e R— (b,a) € R.

Example 11:

- Ry, ={(ab),ifa [b} onA={1,2,3,4)}

« Is Ry, symmetric?

« Rdiv =1{(1,2), (1,2), (1,3), (1,4), (2,2), (2,4), (3,3), (4,4)}

« Answer: No. It is not symmetric since (1,2) € Ry, but (2,1) ¢ R,

Example 12:

e Rz on A={1,2,3,4}, such thata Rz bifand onlyifa #b.

e Is Rx symmetric?

* R#={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(3,1),(3,2),(3,4),(4,1),(4,2),(4,3)}
e Answer: Yes. If (a,b) € Rx — (b,a) € Rz

- Arrelation R is symmetric if and only if mjj = mjj for all i,j.

0 1 1 1
1 0 1 1
MR = 1 1 0 1
1 1 1 0
Example 13:
- Relation R, on A = {1,2,3,4} defined as:

* Rin =1(1,2),(2,2),3.3)}-
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« Is Rfyn symmetric?
Answer: No. For (1,2) € Rfyn thereisno (2,1) ¢ R

fun

Definition:(anti-symmetric relation):

A relation on a set A iscalled anti-symmetric if

* [(a,b) e Rand (b,a) e R] > a=bwherea,beA.

- Example 14:

« Relation R;,, 0on A ={1,2,3,4} defined as:
¢ Rfun = {(112)1(212)1(313)}

 Is Rfyn anti-symmetric?

« Answer: Yes. It is anti-symmetric

MRfun

o o
o -
— O
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« Arelation is antisymmetric if and only if mjj =1 — mjj =0 fori# j.

Definition:(transitive relation):

A relation R on a set A is called transitive if
+ [(a,b) e Rand (b,c) e R] > (a,c) €R forall a,b,c e A.

Example 15:

- Ry, ={(ab),ifa|b} onA={1,2,3,4}

« Ry, =1(1,1),(1,2), (1,3), (1,4), (2,2), (2,4), (3,3), (4,4)}
« Is Rdjy transitive?

« Answer: Yes
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Example 16:

« Rz on A={1,2,3,4}, such thata Rz b ifand only if a # b.
* R¢={(112)1(1r3)l(114)r(211))(213)1(2r4)1(311);(312)l(314)l(4r1)r(4r2)l(4r3)}
+ Is R transitive?

« Answer: No. It is not transitive since (1,2) € Rand (2,1) € R but (1,1) is not an
element of R.

- Example 17:

« Relation R;,, on A={1,2,3,4} defined as:
* Rin =1{(1,2),(2,2),(3,3)}.

- IsR

« Answer: Yes. ltis transitive.

transitive?

fun

Properties of relations on A:

+ Reflexive
« lIrreflexive
« Symmetric
« Anti-symmetric
 Transitive
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Combining relations

Definition: Let A and B be sets. A binary relation from A to B isa subset of a
Cartesian product A x B.

+ Let R AxB meansRis a set of ordered pairs of the form (a,b)wherea € A
and b € B.

Combining Relations

- Relations are sets > combinations via set operations
« Set operations of: union, intersection, difference and symmetric difference.

Example:

« LetA={1,2,3}and B ={u,v}and

« R1={(1,u), (2,u), (2,v), (3,u)}

« R2={(1,v),(3,u),(3,v)}

What is:

« R1UR2={(1,u),(1,v),(2,u),(2,v),(3,u),(3,v)}
« R1NR2={(3,u)}

« R1-R2={(1,u),(2,u),(2,v)}

« R2-R1={(1,v),(3,v)}



