9. 3 Representing Relations using matrices

- Question: Can the relation be formed by taking the union or intersection
or composition of two relations R; and R, be represented in terms of
matrix operations?

« Answer: Yes

Example 1: Suppose that A = {1, 2, 3} and B = {1, 2}. Let R be the
relation from A to B containing (a, b) ifa € A, b € B, and a > b. What is the
matrix representing Rifa; =1,a,=2,andaz=3,and b; =1 and b, = 2?

Solution: Because R = {(2, 1), (3, 1), (3, 2)}, the matrix for R is

0O O
M,=|1 0].

1 1
Definition:

The join, denoted by v, of two m-by-n matrices (ajj)and (bjj) of Os and 1s is
an m-by-n matrix (mjj) where

* mjj = v bjj for all ij
= palrW|se or (Jd|51unct|on)
Example 2

Let A={1,23}and B ={u,v}

Rl = {(l,U), (2,U), (21\/)’ (B’U)}
Ra={(1.v).(3,u).3)}

- MRi=1 0 MR2=0 1 MRivR)= 1 1
11 0 0 11
1 0 11 11

Definition:

The meet, denoted by A , of two m-by-n matrices (ajj)and (bjj) of Os and 1s is
an m-by-n matrix (mjj) where

*mjj = ajj A bjj foralli,]

= pairwise and (conjunction)

Example 3:
* LetA={1,2,3}and B = {u,v}
Rl = {(1,U), (2,U), (Z’V)! (3,U)}
-+ R ={(1.v),3.u)..\v)}



0 1 MRiAMR2= 0 O
1 1 0 O 0 O
1 1 0

Definition: Composite of relations

Let R be a relation from a set A to a set B and S a relation from B to a set C.
The composite of R and S is the relation consisting of the ordered pairs
(a,c) where a € A and ¢ € C, and for which there isa b € B such that

(a,b) € Rand (b,c) € S. We denote the composite of R and Shy So R.

Example 4:
- LetA={1,2,3} B={0,1,2} and C = {a,b}.
- R={(1.0), (1,2), 31).(3,2)}

- S={(0.b),(1,8),(2,b)}
+ SoR={(1b),(3,a),(3,b)}

Implementation of composite
Definition:

The Boolean product, denoted by ®, of an m-by-n matrix (ajj) and n-by-p
matrix (bjk) of Os and 1s is an m-by-p matrix (mjk) where

mik = 1,ifajj=1and bjk =1 for some k=1,2,...,n

0, otherwise
Example 5:

- LetA={1,2},B={123}C={ab}

- R={(1,2),(1,3),(2,1)} is arelation from Ato B
- S={(1,3),(3,b),(3,a)} is a relation from B to C.
- SoR={(1b),(1,a),(2,2)}

0 1 1 1 0
1

Mg = 0 0 Ms =



Mg © Mg = 1 1
1 0
Msor= 1 1
1 0
Definition:

Let R be a relation on a set A. The powers RN, n =1,2,3,... is defined
inductively by

«R1=R and RN*1 =RN OR.

Example 6:

- R={(1,2),(2,3),(2,4), (3,3)} is arelationon A ={1,2,3,4}.
- R'=R = {(1,2,(2,3),(2.4), (3,3)}

« R’ ={(13), (L4, (2.3), (3.3)}

+ R7={(1,3), (2.3), (3.3)}

+ R"={(1,3), (2.3), (3.3)}

. R“=R3 k>3

Theorem 1: The relation R on a set A is transitive if and only if RN < R for
n=123,....

Number of reflexive relations

Theorem 2: The number of reflexive relations on a set A, where

|A]=n is:2n(n-1)



