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Precedence of Logical Operators
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p vg— —r isequivalent to (p vq) - —r
If the intended meaning is p v(g— —r)
then parentheses must be used.



Boolean Operations Summary
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Some Alternative Notations

Name: not/and| or | xor implies| Iff
Propositional logic: Al Vv B N PAN
Boolean algebra: Pipg + &

C/C++lJava (wordwise):| | | g& | | | | = —=

C/C++/Java (bitwise): ~ | & | A

Logic gates: {>o-1d D> D>
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Bits and Bit Operations

A bit is a binary (base 2) digit: o or 1.
Bits may be used to represent truth values.

By convention:
o represents “false”; 1 represents “true’.

Boolean algebra is like ordinary algebra except that
variables stand for bits, + means “or’, and
multiplication means “and”.
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Bit Strings

A Bit string of length n is an ordered series or sequence
of n>o bits.

By convention, bit strings are written left to right: e.g.
the first bit of “1001101010" is 1.

When a bit string represents a base-2 number, by

convention the first bit is the most significant bit. Ex.
1101,=8+4+1=13.



Bitwise Operations

* Boolean operations can be extended to operate on bit
strings as well as single bits.

® Lo
01 1011 0110
11 0001 1101

11 1011 1111  bitwise OR
01 0001 0100 bitwise AND
10 1010 1011  bitwise XOR







- Applications of Propositional Logic:

Summary

Translating English to Propositional Logic
System Specifications

Boolean Searching

Logic Puzzles

Logic Circuits

Al Diagnosis Method (Optional)
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Translating English Sentences

Steps to convert an English sentence to a statement in
propositional logic

 Identify atomic propositions and represent using

propositional variables.

e Determine appropriate logical connectives
“If I go to Harry’s or to the country, I will not go
shopping.”

e p: I go to Harry’s If p or g then not r.

e q: I go to the country.

N g ]
e r: [ will go shopping. (p Q)
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Example

Problem: Translate the following sentence into
propositional logic:

“You can access the Internet from campus only if you are
a computer science major or you are not a freshman.”

One Solution: Let a, ¢, and f represent respectively
« 2. » «
You can access the internet from campus,” “You are a
computer science major, and “You are a freshman.”

a— (cV~f)
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Example

You can not ride the roller coaster if you are under 4
feet tall unless you are older that 16 years old.

Solution:
 Let p is You can ride the roller coaster
e g is You are under 4 feet tall
e ris You are older than 16 years old
* (¢ and not r) unless not p
* (gA—r)—> —p
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System Specifications

System and Software engineers take requirements in
English and express them in a precise specification
language based on logic.
Example: Express in propositional logic:
“The automated reply cannot be sent when the file
system is full”

Solution: One possible solution: Let p denote “The
automated reply can be sent” and g denote “The file
system is full.”

U= 1
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Consistent System Specifications

Definition: A list of propositions is consistent if it is
possible to assign truth values to the proposition variables
so that each proposition is true.

Exercise: Are these specifications consistent?

e “The diagnostic message is stored in the buffer or it is retransmitted.”

* “The diagnostic message is not stored in the buffer.”

e “If the diagnostic message is stored in the buffer, then it is retransmitted.”
Solution: Let p denote “The diagnostic message is stored in the buffer.” Let
q denote “The diagnostic message is retransmitted” The specification can

be writtenas:pV g —p, p = qg. When pis false and q is true all three
statements are true. So the specification is consistent.

e What if “The diagnostic message is not retransmitted is added.”

Solution: Now we are adding — g and there is no satisfying assignment. So
the specification is not consistent.



Boolean Searches

Logical connectives are used extensively in
searches of large collections of information,
suchvas indexes of Web pages. Because these
searches employ techniques from propositional
logic, they are called Boolean searches.



~togic Circuits
(Studied in depth in Chapter 12)

Electronic circuits; each input/output signal can be viewed asa o or1.
e o represents False
e 1 represents True

Complicated circuits are constructed from three basic circuits called gates.
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Inverter OR gate AND gate

e The inverter (NOT gate)takes an input bit and produces the negation of that bit.

e The OR gate takes two input bits and produces the value equivalent to the disjunction of the two
bits.

e The AND gate takes two input bits and produces the value equivalent to the conjunction of the
two bits.
More complicated digital circuits can be constructed by combining these basic circuits to
produce the desired output given the input signals by building a circuit for each piece of
the output expression and then combining them. For example:
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Section Summary

Tautologies, Contradictions, and Contingencies.
Logical Equivalence

e Important Logical Equivalences
e Showing Logical Equivalence
Normal Forms (optional, covered in exercises in text)
e Disjunctive Normal Form
e Conjunctive Normal Form
Propositional Satisfiability

e Sudoku Example
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Propositional Equivalence

Two syntactically (i.e., textually) different compound
propositions may be the semantically identical (i.e.,
have the same meaning). We call them equivalent.

Learn:
Various equivalence rules or laws.

How to prove equivalences using symbolic derivations.



~ Tautologies ,M

Contingencies

* A tautology is a proposition which is always true.
e Example: pV—p

* A contradiction is a proposition which is always false.
e Example: p A—p

* A contingency is a proposition which is neither a
tautology nor a contradiction, such as p

T F T F

F T T F
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Logically Equivalent

*  Two compound propositions p and q are logically equivalent if pegq
is a tautology.

*  Wewrite thisas p&g oras p=gwhere pand gare compound
propositions.

*  Two compound propositions pand g are equivalent if and only if the
columns in a truth table giving their truth values agree.

®  This truth table shows that —=pV g is equivalent to p - q.
-!-__

T
F
T
F

S

™ ™ -~
—
=1 = T =

F
F
T
T

—



Proving Equivalence via Truth Tables

Ex. Prove that pvg < —(—p A —q).

q —PA—Q —(=pA—Q)
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Example of Tautology and Contradiction
—(p Aq)=(—p)Vv(—q)
D 4 |pAq (P A Q) —p (—=p)v(—0q)
- F

-
I
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—(=(p AqQ)(—p)Vv(—q) )



Key Logical Equivalences
Identity Laws: pAl'=p, pVE=p

Domination Laws: pVT =T , PANF=F
Idempotent laws: PVp=p , PAP=Dp
Double Negation Law: =

Negation Laws: D) P -



Key Logical Equivalences (cont)
Commutative Laws: pVg=qVp, pANqQq=qADp
Associative Laws: (PAQ)AT=DA(gAT)

b
Distributive Laws: (p \/ (q A 'r)) - (p \/ ) (p \/ 7")
(PA(gVr)={PAg)V(pA

r)
AbsorptionLaws: pV (pAq)=p pA(pVq) =p



De Morgan’s Laws

—(pAg)=-pV g

Augustus De Morgan

_I(p \% q) = A g 1806-1871

This truth table shows that De Morgan’s Second Law holds.
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Defining Operators via Equivalences

Using equivalences, we can define operators in terms of
other operators.

Exclusive or: p®q < (pvg)A—(pAq)
p®q < (pr=q)v(gr—p)

Implies: pP—>q <& —p V(g

Biconditional: p¢>q < (p—q) A (g—p)
poq < —(pDq)
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More Logical Equivalences

* Involving Implication
Pp—>q=-pVgq
p—>q=—q—>—p
(p—>@)AN(p—>r)=p—> (@GATr)
(p >r)Vvig—=>r)=(pAg)—>r

* Involving Biconditional
p<qg=(p—>q)A(g—p)
peq=-po g

peg=(pAg)V(mpA-g)



An Example Problem

Show that —=(p Vv (—p A g)) and —p A —g are logically equivalent by developing a series of
logical equivalences.

Solution: We will use one of the equivalences in Table 6 at a time, starting with—(p Vv (=p A q))
and ending with —p A —¢q. (Note: we could also easily establish this equivalence using a truth
table.) We have the following equivalences.

—“(pV(=pAg)=—-pA-(—pAQq) by the second De Morgan law
=-p A [-(—p) V gq] by the first De Morgan law
=-pA(pV—q) by the double negation law
= (mpAp)V (—pA—q) by thesecond distributive law
=FV(—-pA—q) because ~p A p=F
=(—pA—q)VF by the commutative law for disjunction
=-pA—q by the identity law for F

Consequently —(p V (—p A g)) and —p A —q are logically equivalent. )|
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Satisfiability: A compound proposition is satisfiable if there is at least one TRUE
result in its truth table.

Unsatisfiability: not even a single TRUE result in its truth table.

Example:




Questions on Propositional Satisfiability

Example: Determine the satisfiability of the following
compound propositions:

(pV—g)A(qgV—r)A(rV-p)
b /gVrl AL BV g 7

(PV—g) A(@V-r)A(rV-p)A(pVqVr)A(-pV gV -r)



