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Show that

a. lin; h(x) # 4
b. lin; h(x) # 3

c. lim A(x) # 2
x—2

59. For the function graphed here, explain why

a. lin; fx) # 4
b. ling fx) # 4.8

c. lin; fx) #3

N
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24 One-Sided Limits

60. a. For the function graphed here, show that lim,_, _; g(x) # 2.

b. Does lim,_,_; g(x) appear to exist? If so, what is the value of
the limit? If not, why not?

y =3 /
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/—1 0

COMPUTER EXPLORATIONS
In Exercises 61-66, you will further explore finding deltas graphi-
cally. Use a CAS to perform the following steps:

a. Plot the function y = f(x) near the point ¢ being approached.

b. Guess the value of the limit L and then evaluate the limit sym-
bolically to see if you guessed correctly.

c. Using the value € = 0.2, graph the banding lines y; = L — €
and y, = L + € together with the function f near c.

d. From your graph in part (c), estimate a 6 > 0 such that for all x
0<|x—c] <9 = [fo) — L] <e

Test your estimate by plotting f, y;, and y, over the interval

0 < |x — ¢| < 8. For your viewing window use ¢ — 28 =

x=c+28and L — 2¢ =y = L + 2e. If any function val-

ues lie outside the interval [L — €, L + €], your choice of &
was too large. Try again with a smaller estimate.

e. Repeat parts (c) and (d) successively for e = 0.1, 0.05, and 0.001.

_xt -8l _ 5% 4 9x? _
61. f(x) = P c=3 62 f(x)—72x5+3x2, c=0

_sin2x o _ _ X zcosn)
63. f(x) = 3 c=0 64. f(x) = PR c=0

3 f—

65. f(x)=%, c=1

32— (Tx + DVx + 5
66. f(x) = P— , ¢=1

In this section we extend the limit concept to one-sided limits, which are limits as x
approaches the number ¢ from the left-hand side (where x < ¢) or the right-hand side

(x > ¢) only.

Approaching a Limit from One Side

To have a limit L as x approaches c, a function f must be defined on both sides of ¢ and its
values f(x) must approach L as x approaches ¢ from either side. That is, f must be defined
in some open interval about ¢, but not necessarily at c¢. Because of this, ordinary limits are

called two-sided.



FIGURE 2.24 Different right-hand and
left-hand limits at the origin.

& X

-2 0 2

FIGURE 2.26 The function

f(x) = V4 — x? has right-hand limit 0
at x = —2 and left-hand limit O at x = 2
(Example 1).
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If f fails to have a two-sided limit at ¢, it may still have a one-sided limit, that is, a
limit if the approach is only from one side. If the approach is from the right, the limit is a
right-hand limit. From the left, it is a left-hand limit.

The function f(x) = x/ |x\ (Figure 2.24) has limit 1 as x approaches O from the right,
and limit —1 as x approaches O from the left. Since these one-sided limit values are not the
same, there is no single number that f(x) approaches as x approaches 0. So f(x) does not
have a (two-sided) limit at 0.

Intuitively, if f(x) is defined on an interval (¢, b), where ¢ < b, and approaches arbi-
trarily close to L as x approaches ¢ from within that interval, then f has right-hand limit
L at c. We write

lim f(x) = L.
x—c"
The symbol “x — ¢ means that we consider only values of x greater than c.
Similarly, if f(x) is defined on an interval (a, ¢), where a < ¢ and approaches arbi-

trarily close to M as x approaches ¢ from within that interval, then f has left-hand limit M
at c. We write

+ 9

lim f(x) = M.

i

The symbol “x — ¢~ means that we consider only x-values less than c.
These informal definitions of one-sided limits are illustrated in Figure 2.25. For the
function f(x) = x/|x| in Figure 2.24 we have

lim f(x) =1 and lim f(x) = —1.
x—0" x—0"

y y
—
L f) Fx) M
0 C €= X * 0 X > C *
@ lim fo)=L () Tim f) =M

FIGURE 2.25 (a) Right-hand limit as x approaches c. (b) Left-hand limit as x
approaches c.

EXAMPLE 1 The domain of f(x) = V4 — x?is [—2,2]; its graph is the semicircle
in Figure 2.26. We have

lim V4 —x*=0  and 1111217\/4—x2=0.

x—=2
The function does not have a left-hand limit at x = —2 or a right-hand limit at x = 2. It
does not have a two-sided limit at either —2 or 2 because each point does not belong to an
open interval over which f is defined. |

One-sided limits have all the properties listed in Theorem 1 in Section 2.2. The right-hand
limit of the sum of two functions is the sum of their right-hand limits, and so on. The theorems
for limits of polynomials and rational functions hold with one-sided limits, as do the Sandwich
Theorem and Theorem 5. One-sided limits are related to limits in the following way.

THEOREM 6 A function f(x) has a limit as x approaches c if and only if it has
left-hand and right-hand limits there and these one-sided limits are equal:

lim f(x) = L = lim f(x) =L and li_)m+ fx) = L.

x—c x—c
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FIGURE 2.27 Graph of the function
in Example 2.
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FIGURE 2.28 Intervals associated with
the definition of right-hand limit.
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FIGURE 2.29 Intervals associated with
the definition of left-hand limit.

EXAMPLE 2 For the function graphed in Figure 2.27,

Atx = 0O lim, o+ f(x) = 1,
lim, .y f(x) and lim,—,( f(x) do not exist. The function is not de-
fined to the left of x = 0.

Atx = 1: lim,_, - f(x) = 0 even though f(1) = 1,
lim, .+ f(x) = 1,
lim,_,; f(x) does not exist. The right- and left-hand limits are not
equal.

Atx = 2: lim,,,- f(x) = 1,
lim, ,,+ f(x) = 1,
lim,_,, f(x) = 1 even though f(2) = 2.

At x = 3: lim, .3 f(x) = lim,—3+ f(x) = lim,—3 f(x) = f(3) = 2.

Atx = 4 lim,_,4 f(x) = 1 even though f(4) # 1,
lim,_,4+ f(x) and lim,_,4 f(x) do not exist. The function is not
defined to the right of x = 4.

At every other point ¢ in [ 0,4 ], f(x) has limit f(c). [ |

Precise Definitions of One-Sided Limits

The formal definition of the limit in Section 2.3 is readily modified for one-sided
limits.

DEFINITIONS We say that f(x) has right-hand limit L at ¢, and write
lim f(x) = L (see Figure 2.28)
x—c

if for every number € > 0 there exists a corresponding number 6 > 0 such that
for all x

c<x<c+é = lf(x) — L| <e.
We say that f has left-hand limit L at ¢, and write
lim f(x) =L (see Figure 2.29)

if for every number € > 0 there exists a corresponding number 6 > 0 such that
for all x

c—o0<x<c = |f) — L] < e.

EXAMPLE 3 Prove that
lim Vx = 0.

x—0"

Solution Let € > 0 be given. Here ¢ = 0 and L = 0, so we want to find a 6 > 0 such
that for all x

0<x<d& = |[Vx—-0|<e
or

0<x<3d = Vix < e.



f) =Va

L=0 x 8=€

FIGURE 2.30 lirg\/fc = 0 in Example 3.
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Squaring both sides of this last inequality gives
x<e if 0<x<8é.

If we choose 6 = €* we have

0<x<é=¢& = Vx<e
or

0<x<§¢ = |\/);—0‘<e.
According to the definition, this shows that limx_,0+\/); = 0 (Figure 2.30). |

The functions examined so far have had some kind of limit at each point of interest. In

general, that need not be the case.

EXAMPLE 4 Show that y = sin(1/x) has no limit as x approaches zero from either
side (Figure 2.31).

=|—

y=sin<

_1_

FIGURE 2.31 The function y = sin(1/x) has neither a right-
hand nor a left-hand limit as x approaches zero (Example 4). The
graph here omits values very near the y-axis.

Solution  As x approaches zero, its reciprocal, 1/x, grows without bound and the values
of sin (1/x) cycle repeatedly from —1 to 1. There is no single number L that the function’s
values stay increasingly close to as x approaches zero. This is true even if we restrict x to
positive values or to negative values. The function has neither a right-hand limit nor a left-
hand limit at x = 0. |

Limits Involving (sin 6)/60

A central fact about (sin 0)/0 is that in radian measure its limit as 6 — 0 is 1. We can see
this in Figure 2.32 and confirm it algebraically using the Sandwich Theorem. You will see
the importance of this limit in Section 3.5, where instantaneous rates of change of the
trigonometric functions are studied.

= % (radians)

L L 9
37 2~ ™~—"21 3

NOT TO SCALE

FIGURE 2.32 The graph of f(6) = (sin 0)/6 suggests that the right-
and left-hand limits as 6 approaches 0 are both 1.
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y
THEOREM 7—Limit of the Ratio sin /6 as 6 -0
T . sinf _ . .
. ggr(l) 9 1 (6 in radians) (D)
\P
tan 6
1 Proof The plan is to show that the right-hand and left-hand limits are both 1. Then we
sin 6 will know that the two-sided limit is 1 as well.
To show that the right-hand limit is 1, we begin with positive values of 6 less than
0 cos . H 7 /2 (Figure 2.33). Notice that
0‘ 0 f‘(l’ 0 Area AOAP < areasector OAP < area AOAT.

1 .
We can express these areas in terms of 6 as follows:

FIGURE 2.33 The figure for the proof of

Theorem 7. By definition, TA/OA = tan 0, Area AOAP = %base X height = %(1)(5111 0) = %sin 0
but OA = 1, so TA = tan 6.

Loy 1y 0
Area sector OAP = 2" 0 = 2(1) 0 = > 2)
_ 1 . _ 1 _ 1
Area AOAT = Ebase X height = 5(1)(tan 0) = Etan 6.
Thus,
Equation (2) is where radian measure 1 sing < 1 9 < 1 tan 6.
comes in: The area of sector OAP is 6/2 2 2 2

only if 6 is measured in radians. . . . . ..
Y This last inequality goes the same way if we divide all three terms by the number

(1/2) sin®, which is positive, since 0 < 6 < 77/2:

0 < 1

I=< sin 0 cos 6°

Taking reciprocals reverses the inequalities:

sin 6

l>0

> cos 6.

Since limy_,y-cos@ = 1 (Example 11b, Section 2.2), the Sandwich Theorem gives

. sinf
lim =
>0t 0

1.

To consider the left-hand limit, we recall that sin 6 and 0 are both odd functions (Sec-
tion 1.1). Therefore, f(6) = (sin 0)/6 is an even function, with a graph symmetric about
the y-axis (see Figure 2.32). This symmetry implies that the left-hand limit at O exists and
has the same value as the right-hand limit:

lim sin 0 -1 = lim sin 9’
6—0 6—0" 6
so limy_, (sin 6) /6 = 1 by Theorem 6. [ |

. cosh —1 _ . sin2x _ 2
EXAMPLE 5 Show that (a) ;ILI—IR)T =0 and (b) ;E)r(l)isx 5
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Solution
(a) Using the half-angle formula cos h = 1 — 2 sin? (h /2), we calculate

cosh — 1 ) 2 sin®(h/2)
==° = lim - —

lim
=0 h h—0 h
. sinf .
= —lim sin 6 Let 6 = h/2.
6—0 0
_ _ Eq. (1) and Example 11a
= —(1)0) = 0.

in Section 2.2

(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator,
not a 5x. We produce it by multiplying numerator and denominator by 2/5:

sin2¢ _ p,  (2/9) sin2x

5
20 5x xS0 (2/5)-5x
_ 21. sin 2x Now, Eq. (1) applies
=5 with 6 = 2x.
2122
=5 =3 [ |

EXAMPLE 6  Find lim w

—0 3

Solution From the definition of tan r and sec 2¢, we have

iy A0 sec 2t _ liml-l-Sint° 1
—0 3t —03 I COSt cos?2t
_1 im sint, 1 1
3/—»0 I COSTt cos?2t
_ l _ l Eq. (1) and Example 11b
3 (H(HA) = 3 in Section 2.2 u
Exercises m
Finding Limits Graphically y
1. Which of the following statements about the function y = f(x) vy = f(x)
graphed here are true, and which are false?
2 °
y
y =1
1 1+ >0
| 4 & ; | L L X
1 OT 1 5 -1 0 1 2 3
a XEIPV fo =1 b. xlggf f® =0 a. lim1 f =1 b. liné f(x) does not exist.
. i =1 i = li T o
¢ [lim f0 d. lim f = lim fx) e lim f() =2 d. lim f(0 =2
L i ists. f. i = m o .
¢ ng(l) F0) exists XE;% f) =0 e. llnll+ fx) =1 f. lm} f(x) does not exist.
g lim f00 =1 h. lim £ =1 g lim f(0 = lim (v
- lgg f) =0 J- xlgrzl* fo =2 h. lim f(x) exists at every c in the open interval (—1, 1).
k. i ist. L I = e
xJ)Tl’ F(x) does not exist .xgg fo =0 i. lim f(x) exists at every c in the open interval (1, 3).
2. Which of the following statements about the function y = f(x) . _ . .
graphed here are true, and which are false? J- xktllr fe =0 k. xlggl+ J(x) does not exist.
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3—x, x<2 6. Let g(x) = Vaxsin(1/x).
3. Let f(x) =
et fx) Th x>2 y

2 1k y =V
y
L :\/);sin%
3
B PR 1 1 X
i 0 2 1

T
| | | | | x

0 2 4

Find lim,_,,+ f(x) and lim,_,,- f(x).
i ist? is it? 2

Does lim,_,, f(x) exist? If so, what is it? If not, why not? L .

Find lim,—,4 f(x) and lim,_4+ f(x).

Does lim,_,, f(x) exist? If so, what is it? If not, why not?

a. Does lim,_,y+ g(x) exist? If so, what is it? If not, why not?

g o TP

b. Does lim,_.o g(x) exist? If so, what is it? If not, why not?
3—x, <2 . . -
nor c. Does lim,_,, g(x) exist? If so, what is it? If not, why not?

4 Letfm=4%  *72
X > 2 7. a. Graph f(x) {XS’ r~l
5 . . a. Gra =
r 7 PP 0, x=1
b. Find lim,,- f(x) and lim,_,+ f(x).
3 c. Does lim,—,; f(x) exist? If so, what is it? If not, why not?
y=3-x\_[ 1 — X% x # 1
8. a. Graph =
N . b. Find lim,_,+ f(x) and lim,_., f(x).
L y=2z
L L 2 B c. Does lim,_,; f(x) exist? If so, what is it? If not, why not?
-2 0 2
Graph the functions in Exercises 9 and 10. Then answer these questions.
a. Find lim,_,,+ f(x), lim,—, f(x), and f(2). a. What are the domain and range of f?
b. Does lim,_,, f(x) exist? If so, what is it? If not, why not? b. At what points ¢, if any, does lim,_,. f(x) exist?
c¢. Find lim,, ;- f(x) and lim,—,_+ f(x). ¢. At what points does only the left-hand limit exist?
d. Does lim,_,_; f(x) exist? If so, what is it? If not, why not? d. At what points does only the right-hand limit exist?
V1i—-x% 0=x<1
0, x=0
5. Let f(x) = 1 9. fx) =4 L, 1=x<2
sing, x> 0. 2, x=2
x, —1=x<0, or 0<x=1
X 10. fo) =41, x=0
- 0, x<-1 or x>1
Finding One-Sided Limits Algebraically
0 * Find the limits in Exercises 11-18.
0, x=0 _
y=1 . tim A2 12 lim [/~ L
sin}, x>0 x—-05 \ X + 1 —1t\Vx + 2
-iF 13. ( )(
xH72* + x
. . .. 14. lim
a. Does lim,_,y+ f(x) exist? If so, what is it? If not, why not? =1
b. Does lim,_.q f(x) exist? If so, what is it? If not, why not? 5 lim o+ +5-V5

c. Does lim,_,, f(x) exist? If so, what is it? If not, why not? h—0* h



V6 — V5 + 11h + 6

16. li
6 th(;l’ h
) |x + 2] ) |x + 2|
17. a. xll)l}lr(x + 3) P b. XEIPT(X + 3) P
V2 — 1) C V2ax(x— 1)
18. a. lim —————— b. lim ———
x—17 |X — 1| x—1" |x - 1‘

Use the graph of the greatest integer function y = | x|, Figure 1.10 in
Section 1.1, to help you find the limits in Exercises 19 and 20.

6] o]
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41 lim 20 42, lim - 0cot4d
0—0 62 cot 30 0—0 sin® H cot? 26

Theory and Examples

43. Once you know lim,_,,+ f(x) and lim,_,, f(x) at an interior point
of the domain of f, do you then know lim,_,, f(x)? Give reasons
for your answer.

44. If you know that lim,_,. f(x) exists, can you find its value by cal-
culating lim,_, .+ f(x)? Give reasons for your answer.

45. Suppose that f is an odd function of x. Does knowing that
lim,_,y f(x) = 3 tell you anything about lim,_.- f(x)? Give rea-

19. a. lim —— b. lim ——
6—3+ 6 9—3 0 sons for your answer.
20. a. lim(r — E2)) b. lim(t — |z]) 46. Suppose that f is an even function of x. Does knowing that
e . lim,_,,- f(x) = 7 tell you anything about either lim,_, ,- f(x) or
. lim,—, _,+ f(x)? Give reasons for your answer.
. . sin 0
Using Jim =y~ = 1 S
Find the limits in Exercises 2142 Formal Definitions of One-Sided Limits
’ 47. Given € > 0, find an interval I = (5,5 + ), 6 > 0, such that if
~ sin V26 . sin kt x lies in I, then Vx — 5 < e. What limit is being verified and
21. lim————— 22. lim (k constant) ‘o
=0 \/20 —0 1 what is its value?
. sin3y . 48. Given € > 0, find an interval I = (4 — §,4), 6 > 0, such that if
23. }h_rf(l) 4y 24. ,}E{} sin 3K x lies in I, then V4 — x < e. What limit is being verified and
 tan 2x oy what is its value?
25. im =5 26. 1m0 fan 7 Use the definitions of right-hand and left-hand limits t th
x—0 =0 se the definitions of right-hand and left-hand limits to prove the
27. limX.Cs¢ 2x 28. lim 6:%(cot x)(csc 24) limit statements in Exercises 49 and 50.
¥0 008 5 =0 , 49. lim =1 50. lim ; =1
29. limx_+ X COS X 30. limx — X + sinx x—0 |x| =2 |x |
¥0 SINXCOS X 0 2x 51. Greatest integer function Find (a) lim, ., |x] and (b)
31, lim L 080 32, [imX_—Xcosx lim, 400~ | x |; then use limit definitions to verify your findings.
¢—0 sin 26 =0  sin® 3x (c) Based on your conclusions in parts (a) and (b), can you say
3. lim sin(l — cos 1) 4. lim sin(_sin h) anything about lim,_, 4 | x |? Give reasons for your answer.
—0 1 — cost h—0 sinh .
sin @ . sin 5x 52. One-sided limits Let f(x) = {XZ sin(1/x), x <0
3s. (}I—I}(l) sin 260 36. ;EI(]) sin 4x Vi, x>0
37. 1lim 60 cos 0 38. lim sin 6 cot 20 Find (a) lim,_,y+ f(x) and (b) lim,_,y- f(x); then use limit defini-
=0 =0 tions to verify your findings. (¢) Based on your conclusions in
39. lim t?}n 3x 40. hmw parts (a) and (b), can you say anything about lim,_,, f(x)? Give
x—0 sin 8x y=0 ycotdy reasons for your answer.
2 . 5 Continuity
y When we plot function values generated in a laboratory or collected in the field, we often
500 connect the plotted points with an unbroken curve to show what the function’s values are
— 4 likely to have been at the points we did not measure (Figure 2.34). In doing so, we are
ii/ 375 95 assuming that we are working with a continuous function, so its outputs vary regularly and
= 550 0, consistently with the inputs, and do not jump abruptly from one value to another without
E taking on the values in between. Intuitively, any function y = f(x) whose graph can be
§ 125 & sketched over its domain in one unbroken motion is an example of a continuous function.
a Such functions play an important role in the study of calculus and its applications.
t

0 5 10
Elapsed time (sec)

FIGURE 2.34 Connecting plotted points
by an unbroken curve from experimental
data Qy, 0, Qs, . . . for afalling object.

Continuity at a Point

To understand continuity, it helps to consider a function like that in Figure 2.35, whose
limits we investigated in Example 2 in the last section.
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