Showing that f is one-to-one or onto

Suppose that f : A — B.

To show that f is injective Show that if f(x) = f(y) for arbitrary x, y € A with x # y,
then x = y.

To show that f is not injective Find particular elements x, y € A such that x # y and
fx) = fy).

To show that f 1s surjective Consider an arbitrary element y € B and find an element x € A
such that f(x) = y.

To show that f is not surjective Find a particular y € B such that f(x) # y for all x € A.



Showing that f is one-to-one or onto

Example 1: Let f be the function from {a,b,c,d} to
{1,2,3} defined by fla) = 3, f(b) = 2, fic) = 1, and f(d) =

3. Is fan onto function?

Solution: Yes, fis onto since all three elements of the
codomain are images of elements in the domain. If the
codomain were changed to {1,2,3,4}, f would not be
onto.

Example 2: Is the function f{x) = x> from the set of
integers to the set of integers onto?

Solution: No, fis not onto because there is no integer
x with x> = —1, for example.



Inverse Functions

Definition: Let f be a bijection from A to B. Then the
inverse of f, denoted {—1, is the function from B to A

defined as f—l(y) —

No inverse exists unless fis a bijection. Why?
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Inverse Functions
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Questions

Example 1: Let f be the function from {a,b,c} to {1,2,3}
such that fla) = 2, f{b) = 3, and f{c) = 1. Is finvertible

and if so what is its inverse?

Solution: The function fis invertible because it is a
one-to-one correspondence. The inverse function f*
reverses the correspondence given by f; so f*(1) = c,

f*(2) =a, and f*(3) = b.



Questions

Example 2: Let f:Z 2 Z besuch that f{x)=x+ 1. Isf
invertible, and if so, what is its inverse?

Solution: The function fis invertible because it is a
one-to-one correspondence. The inverse function f*
reverses the correspondence so f'(y) =y - 1.
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Questions

Example 3: Let £ R =R besuch that f(x) = z2 Isf
invertible, and if so, what is its inverse?

Solution: The function fis not invertible because it
is not one-to-one .



Composition

Definition: Let f: B — C, g: A = B. The composition of
fwith g, denoted f o ¢ is the function from A to C

defined by fogir) — flgle)
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Composition
Examplel:If f(z) —z°and glz) — 2z +1

then
Flg(@)) = (22 + 1"

and

g(f(z)) = 2z% + 1
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Composition Questions

Example 2: Let g be the function from the set {a,b,c} to
itself such that g(a) = b, g(b) = ¢, and g(c) = a. Let fbe the
function from the set {q,b,c} to the set {1,2,3} such that
fla) =3, filb) = 2, and f{c) = 1.

What is the composition of fand g, and what is the
composition of g and f.

Solution: The composition fog is defined by

feg (a)=f(g(a)) =f(D) =2.

feg (b)=f(&(h)) =f(c) =1.

feg (9)=f(gl9)) =f(a) =3.

Note that gof is not defined, because the range of fis not a

subset of the domain of g.



o k,//‘y/

Composition Questions

Example 2: Let f and g be functions from the set of
integers to the set of integers defined by f(x) = 2x + 3
and g(x) = 3x + 2.

What is the composition of fand g, and also the
composition of g and f?
Solution:

fog (X)=Hg(x) =f83x+2)=203x+2)+3 =6x+7
gof (x)=¢g(fix))=g(2x+3)=302x+3)+2 =6x+11



