Fourier transform
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* Periodic signal can be presented by Fourier series .

e Can we present a Non periodic signal (aperiodic signal ) as Fourier
series ?

* Try this : take a peridic signal and make T > infinity ( _f;—P =) )



Consider the periodic signal x(7) defined as follows:

1, |t| < T,
x(1) = T
0, T) < |t| < 3
4 x(1)

2T



Fourier series coefficients D, can be determined as

B 2 sin(nwoTy)
~ (nwT)

n

where wy = 2?” The Fourier series coefficients TD,, are obtained as

D, — 2sin(nwoT)
(nwo)
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* itis evident that as T increases (the fundamental frequency w0 =
21/T decreases),

* the samples of TDn become closer and closer.

* As T becomes very large, the original periodic square wave becomes a
rectangular pulse. As T - o=, TDn becomes continuous.



Let x(¢) be a non-periodic square wave as represented
x(t)=0 |t|>T,

A T( r)

~ Y

The periodic signal x(7) formed by repeating x(¢) with fundamental period 7" is shown

A x(1)
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2 2



7T — oo

Lt x(t) = x(1)

T—00

The Fourier series coefficients of a periodic signal are written as

1 T/2 _
D, = —[ x(t)e "N dt
T J_ 1

The periodic signal x(7) can be expressed in Fourier series as

x(f) = Z D, &/

n=—00

Tx(t) = Z TD, "'

n=—00



X(nwy) = TD,
T/2 |
[ x()e ™" dt

T/2

 [— .
x(t) = - Z TD, "'

n=—0oQ

i — .
= Z X (nwp) e ™ wy

n=—00o

AsT — o0, wy = 2% — 0 and nwy = @ which is continuous.

the summation becomes an integration.

o0
X(jw) = f x(H)e 7 di| for all w

o




called Fourier transform pair
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equation x(1) = —f X(jw)e' day for all ¢
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X(jw) = Flx(1)]
x(1) PLILIN X(jw)

x(t) = F'[X(jow)]

X(jw) —> x()

e The time function x(t) is always denoted by a lower case letter and
the frequency function X( jw) by a capital letter.

* Further, when x(t) is Fourier transformed, it becomes complex and so
it is denoted as X( jw).

* In some literature, X( jw) is also represented simply as X(w).



Fourier Spectra

The Fourier transform of X(jw) of x(¢#) is, in general, complex and can be
expressed as

X(jo) = [X(j)| |X(o)

The plot of |X(jw)| versus w 1s called magnitude spectrum of X(jw). The plot of
|X (Jw) versus w is called phase spectrum. The amplitude (magnitude) and phase .
spectra are together called Fourier spectrum which is nothing but frequency response L}(/[J_w )
of X(jw) for the frequency range —00 < w < 0. \
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Find the Fourier transform of the following time
functions and sketch their Fourier spectra
(amplitude and phase).

x(t) = 8(t)
X(jw) = f S(H)e " dt

=f 5(1) dt [5(r) =0 fort #0

— 1 =1 fort=0]

5() ——s 1
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x(t) =eu(t); a>0

m v
X(jw) = f e e 1 dt
0

oo
_ f e—(a-l—jm}." df
0

1
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 (a+jo) 0
X(jw) =

Vo) = o
() = s

|X(jm) — —tan~! @
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x() =e"u(t); a>0

m v
X(jw) = [ e dt
0

m v
— [ E(a—;m]f At
0

1 00
(a—jew)t
o (H —jm) [E ]l’}

If the upper limit 1s applied to the above integral, the Fourier integral does not
converge. Hence, FT does not exist for x(t) = e”u(t).



x(t) = e“u(—t) a=>0
x(—1) = e “u(r)

0

Fle® u(—1)] e eI dt

0
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x(t)=e M g>0

X(jw) = fm x()e " dt

o0

ﬂ " I:ﬂ "
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Fourier Spectra
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Find FT of the signal:

1

4 x(1)

-~V

x(t) =1 it <T

T
X(jw) = f le 7" dt

T

= %{: [E_jmr]ir
B [eij _ E—ij]

jw
_ 2T sin wT

wl

= 2Tsinc wT

X(jw) = 2Tsinc T




Frequency spectra

Atw =0,

2sinwT . 2sin () .

X (o)l = T 0

— 4nw
Atm_ir,

X(jw)| =0, wheren =1,2,3,...

Phase Spectrum

For 0 < @ < % X(jw) =0

T 27

For — — X(jw) =
T{(UiT, I(J) T
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) x(t) = sgn(?)

1 >0
sgn(r) =10 =0
-1 t<0

o0

F[sgn(t)] =f x(t)e " dt

—OOO o0
=—/ e—j“”dt-{—/ e dt
—00 0
V
No T
'Iv\j()ﬂbro\o\ﬁ,



snlve;;l*by the use of a TRICK. x(#) 1s multiplied b;f e—all a— 0

0

Fle sgn(1)] = f

—00
0
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_Eare—;mf df 4+ f E—are—jmr df
0
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—00
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0
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Fourier Spectra of sgn(t)

(2
—/-90° w=>0
_ 2 w
Jw 2
— /90° w <0
L w

x(t) = sgn(1), [ X(jw)| = % and {X(jm) are represented in Fig.6.5a, b and c,
respectively.
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x(t) =1; for all ¢

F8(w)] = 1 [ ” §(w)e” dw
2m J_o
Since §(w)e* = §(w),
F78(w)] = 1 fm S(w)dw
2w J_o

Il w=0

0 otherwise

|
5 since 6 (w) i

T

1
— L = 5(w)
27

| <5 = 278(w)
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X(t) =u(t) and x(t) = u(—t)

x(1) = |

| 1
u(® = 5 + 55en()

Flu(t)] = F I:%:| + %F sgn(t)

(a)
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Properties of Fourier Transform



Linearity

If

x1(t) <= X, (jw)

BT .
X (1) «— Xs(jw)
then

[Ax1 (1) + Bxa()] < [AX,(jo) + BX>(jw)]



Time Shifting

If
X(t) <= X(jw)
then

x(t —tp) PLiLIN e_j‘”r“X(jw)



Conjugation and Conjugation Symmetry

If
X(t) <= X(jw)
then

() < X*(—jw)



Differentiation in Time

It

then

x(f) —> X(jo)

dx(t
rdi) <——>PT JjoX(jw)




Differentiation in Frequency

It
Flx(1)] = X(jw)

then

d
Fl1x(1)] =.fd—X(fw)
w



Time Integration

It
Flx(1)] = X(jw)

then

F |:f x(r)dr:| =%X(jw) + 7X(0)d(w)
o )



Time Scaling

If
Flx()] = X (jo)

then

1 (jm)
Flx(at)l = —X | —
|a| a

For time reversal,

Flx(=0)] = X(—jo)




Frequency Shifting

If
Flx()] = X(jw)
then

Flx(1)d™'] = X[j(w — w)]



Duality

If
Flx(1)] = X(jw)
then

FIX(1)] = 2nx(jo)



The Convolution

Let

y(t) = x(1) * h(1)
Fly®] =Y(jw) = X(jw)H (jw)



Parseval’s Theorem

According to Parseval’s theorem, the total energy in a signal is obtained by
IX(j)

integrating the energy per unit frequency >

1 [ . 2
E = —f X(w)|" dw
2 J_oo




Signal Fourier transform
1. 8(1) 1
|
2. u(t) — + mé(w)
Jw
3. 8(t — 1) e—/@r
1
4. te " u(t —
@ (a+ jw)? ,
5. u(—r) né(w) — —
_j'tl}
|
6. e“"u(—r) -
(@ jo)
7.7 )
8. cos wot m[8(w — wp) + 8(w + wp)]
9. sin wyt —jr[6(w — wo) — 6(w + wo)]
|
10. —a|w|
0 (ﬂz + IE) ¢
2
11. sgn(r) T
jew
12.1; forall ¢ 21 6 (w)




Table 6.1 Fourier transform properties

Property Time signal x(t) Fourier transform X (jw)
1. Linearity x(1) = Axi(t) + Bxa(r) X(jw) =
AX(jw) + BX2(jw)
2. Time shifting x(t — 1) e X (jw)
3. Conjugation x*(1) X*(—jw)
. o d" x(1) o
4. Differentiation in time o (jw)"X(jw)
d
5. Differentiation in frequency tx(1) j d—X (jo)
[0)
I
1
6. Time integration f x(t)dr —X(jw) + 7 X(0)d(w)
_ Jjw
. ) = | W
7. Time scaling x(at) —X (_; —)
|a] a
8. Time reversal x(—1) X(—jw)
9. Frequency shifting x(t)e/ ! X[j(w — wpy)]
10. Duality X() 2 x(jw)
11. Time convolution x(t) % h(r) X(jw)H (jw)

12. Parseval’s theorem

E= fm Ix(2)|* dt

—i>Q

1 o 9
E = —f X (jow)|” dw
2n J_~




Find the Fourier transform

x(t) = e/ = 1¢J !

Lety(t) =1

Y(jw) =216 (w)

By using the frequency shifting property, we get

X(jw) =21(w — wp)




x(t) = e It

x(1) = e7!

= e /']

Since 1 «— 2 é(w), by using the frequency shifting property we get

X(w) =27d(w + wp)




x () = cos(wpt)

x(1) = cos(wyt)
1. . B
= E [e]mnf + e "anf]

X(jow) = 7[8(w + wp) + §(w — wp)]




x(t) = sin wyt

x(t) = sin wyt

X (jw) = —jr[8(w — wo) — 8(w + wp)]

1

wpt __ ,—jent

(a) 4 X(jw) (b) 4 X(jw)

T | /2
¥ S Y
@

<

—® —w, J
“ ) —
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-ourier Transform Using Differentiation and
ntegration Properties

x(t) < X(jw)

dx(t
ff(r) L joX (o)

f x(1)dT <= _Lxum) + 7X(0)8(w)
—00 jﬂ)



Find the CTFT for the following signal x(¢):

2t+4 -2<t<?2

x(t) =48 2<t<o0
0 otherwise
(a)
A x(1) (b) \ 31(r)=d§:)
8 2
|
|
/ :
< : > <
A 0 2 =2 0 2

(c)

d*x(1)

T 82(I)=F

F 3




* Differentiate to get the simplest FT.
* Find FT of the nth derivative
* Divide by jw n times

Gy (jw) = [26/*° — 2¢77%]
_ [ — e
2j
= j4sin 2w
G»(0) =0




Gi(jw) = Gi_(;m) + 16 (w)G2(0)

Jj4sin2w

Jw

sin 2w
= &
(%)
G(0) =8
Gl(i{ﬂ) = 8 (

2w

sin 2w ) sin 2w
2w

_ 1}
w=()

XGw) = 299 | 2 5(0)Gy0)
jw

_ 4 sin 2w
X(jow) = — + 8md(w)
jw




Find the FT of the step function u(¢) using the integration property of FT.

dt
du(t) = 6(t)dt

Substituting x(¢#) = u(t) and §(¢) = g(t)

4 x()=u(r)

x(r):f g(r)dr

o0

Taking FT on both sides, we get

X(jw) = ~G(jw) + 1GO)3 (@)
j{f_}

—



e(t) = 8(1) «— G(jo) = 1
G(0) = 1

Substituting the above in X (jw), we get

X(jw) = i + 718 (w)
jw




For the following signals, determine the FT using FT properties.

x(t) = 5sin 10¢

y(t) = x(t = 3)

X(jw) = j5n[8(w + 10) — §(w — 10)]
y(t) = x(t —3)

FT of y(¢) is obtained using the time shifting property (right shift) as

Y (jw) = X(jw)e 3
= j57[8(w 4 10) — 8(ew — 10)]e 7
= j5[8(w + 10)e ™ — §(w — 10)e ]



Using the property

we get

X (j0)8 (@ — wp) = X (jwo)3 (e — )

Y (jw) = j5r[8(w 4+ 10)e** — §(w — 10)e7°]




Consider the following CT signal.
x(t) = 4 cos 3t

Determine the FT of the following signal
y(it) =x2—1t)+x(—2—1)

X(jw) =4n[d(w +3) + 6(w — 3)]
yit) =x2—-1t)+x(=2—-1)

Y(Jw) =8mcos2w|[éd (w+3)+ 6 (0w — 3)]

x(2—1) PLLIN X(—jm)e_jz‘”
X(=2 — 1) < X(—jw)el*
X2 = 1)+ x(—1 —2) < X(—jo)[* + 2]
= X(—jw)2cos2w
X(—jow) 4r[d(—w +3) + 8(—w — 3)]
Y(jw) = X(—jw)2cos2w



() = Lx(t - 2)

x(t —2) <> 4m[8(w +3) + 8(w — 3)]e 72
4r[8(w + 3)e® + 8(w — 3)e™°]

Using differentiation property

we get

dzx FT . .
) — (jw) X (jw)

Y (jw) = 4(jw)*n[8(w + 3)eS + 8(w — 3)e™)
= 47[—8(w + 3)9¢° — §(w — 3)9e¢7°]

Y (jo) = =367 [8 (w+3) €° + 8 (0 —3) e™°]




A signal has the following FT:

w* + jdw + 2
—w? + jdw + 3

X (jw) =

Find the FT of x(—2¢ + 1).

w* + jdw + 2

X(jw) =
V) —w? +jdw + 3

By using the time reversal property, the FT of x(—7) = X(—jw) 1s obtained as

T > —jdw + 2
x(—t) «— R
—w* — jdw + 3




By using the time shifting (right shift) property, we get

2 '
_i4 ) ,
x(—r+1)«<—FT—>-(m JA0 + )e_f‘”

—w? — jdw + 3

2 — 20 +2]

L
X(=2t + 1) <—s eI/
2 P .




By using differentiation and integration property of FT, determine the FT of x(¢) =
sgn(?).

(a) 4 x(1)
F Y
(b) dg: =g(1)
1 >
F 3
A 25(1)
4 >
—t 10 t
> —1
+
—1 0




ax(®) _ 28(1) s 2
dt

Using the integration property, we get

X(jw) = IFT dx(®) ) G(0
(Iﬂﬂ)—ﬁ [T]Jrﬁ (w)G(0)

2

= o

Since the area under the impulse is zero, the initial condition G(0) = 0.

X(jw) = =
Jjw




Find the Fourier transform of the signal

~ Y



0 1
X(jw) :f eIty _f eIt gy
—1 0
|

= Al = [
—1
jo

[1 -9 —e7® +1]

X(jw) = _i[cnsm — 1]
jw




P —

G(jw) =F [dx_] = [e‘jm -2+ e_j“‘] = 2[cos &

Using the time integration property, we get

. G(jw) 2
Flx()] =X(jw) = —— 4+ 71G(0)6(w) = —[cosw — 1] + 7G(0)é (w)
jw jw

X(jw) = i[cnsw — 1]
Jjw

~Y



To Plot the Magnitude Spectrum

(X ()|

—|[cosw — 1]
w

2
=—[coszf—sinzf— ]
0 2
-4
= —sin“ w/2
10

o |:5;i1'1.:1;r/2:|2

[

2

®
X(jw)| = ‘m sinc? 5‘
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Using Fourier transform properties, find the Fourier transform
of the signal shown by using
(a) Time shifting and (b) Differentiation and integration.

NN T
~%



(b)

4x,(0)

NI~

—-~Y

(c)

BN

~ Y



Method 1: Time Shifting Property

x() = A [xl (f - %) + (E B g)]

)  wT
X (jw) = ATSII‘ICT

1 T
X, (jo) = EATsinch

X(jow) = [X1(jo) + Xz (jw)]e T

X(ion — AT | s mT+1_ ol | _or
(jw) = sinc — el G




Method 2: Using Differentiation and
Integration Properties

dx

g(t) = I

T 3T
= Ad(1) + Ad (r — 1) —Aé (I — T) —Aé(t—T)

N

—~ ¥



Taking FT on both sides, we get

G(jw) = A[l 4 e7@T/Y _ p7joBGT/) _ o=ieTy
GO)=A[l+1—1—1]
= (0  Note: Ifx(¢) 1s finite for t — 00, G(0) =0
G(jw) = Ae 1TV T1D _ g=ioT/Dy 4 (o T/ _ o=jer(T/4)y)

T T :
= 2Aj [Sin % + sin {UT] e JeT/D)

The FT of x(¢) is obtained by integrating G(jw). Thus

X(jo) = - G(jw) + 1G(0)8(w)
jw

2A T T :
w 2 4

[ . T - wl
_ar |22 1smn 5~ i T/2)
wT wT
(%) 2(%)
T 1 T :
= AT sinc% + Esincm—:| e Jo(T/2)

4




Find the Fourier transform of the impulse
train

(a)

ALk

—w—6T —5T —4T —-3T 2T —-T o T 2T 3T 4T S5T oT




where T 1s the periodicity. The Fourier series coefficients are determined as

1 T/2 _
D, = —/ 5(1)e™ " dy
T J_rp

1 T/2
= — [ s()e " dt
T J_rp

1 T/2
= — o(1)dt
T[ (1)

T/2

|
T



For a periodic signal

x(1) = i D, e

n=—o0

where

2T
wy = —

T

and

X(jw) =27 Y Dyd(w — nax)

n=—0oo

(b)

b X(jw)

~5

"'-i"';

)

Ev



find the Fourier transform using
differentiation and integration properties.

(244 —2<1<0

xXlt) = -
®) 4 -2t 0<r<?2 4

@) |2 —2<t<o0
d |-2 0<r<2

~Y

<
-t =2 0 2



(b)

| &

-~

() * d’x(1)
dr =g,(1)
2 2
* 1
—t -2 0 2
v—4
28(t+2) t=-2
d’x(1) = 4( o t =0
a2 -

h23(t--2) =2



>
P [d x(r)] — Gy(jw) = 26 — 4 + 267

dt?
= 4[cos 2w — 1]
G (jw) = —8sin’ w
G,(0) =0

X (jo) is obtained by dividing G, (jw) by (jw)? and adding initial condition

%;’;j) + 7Ga(0)8(w)
_S 5

= sin” w

(jw)?
sin e 1°
=5[]
D)

X (jw) = 8sinc®

X (jw) =




Find the Fourier transform of

x(1) =

a4 1

using the duality property of FT.

the FT of x(¢) = ¢~ is obtained as

—alt| FT 2(1
a’ + w?

x(t) =e



By the application of inverse Fourier transform, we get

el — : fm 2a @ dw

T oar )+ a?
2me = T 2a ¢ dw
oo A% + W?

Replacing ¢t by —t in the above equation, we get

o0 2
el .
2me = e 7 dw
oo G* + @2

Interchanging ¢ and w in the above equation, we get

B o 2a .
2 el :f S— /]
o (@ +17)



The right-hand side of the above equation is nothing but the FT of

2re el — F 2a
(a® + 12)
2a FT 2 —alw|
@+ «—— 2mwe

_2a _
at+r*”



I\/I et h O d 2 The duality property of X(7) = 2nx(—w).

FT 2a
T 2+l
2a
a’ + 12

—alw|

—alr|

(-

X)) =
x(—w)=c¢e

X(1) <= 2mx(—w)

2a FT

<« Qe @
a> + r?




* See example 6.23 for more applications



Using the properties of continuous time Fourier transform, determine the time domain
signal x(1).
If the frequency domain signal is described as given below.

. - d ejZm

First, the time scéling property is applied. Let

1
| +jow
x1(t) = e Tu(t)
F [x,[3t]] = 3¢ >'u(3r)
1

i+4]

- |: 1 j| =3¢~ u(n) [ u(r) = u(3n)

-+

XIUCU] =

F[3¢u(3t)] =




According to the time shifting property,
&Y (jw) = y(t + 2)

F! = 3¢yt + 2)

According to differentiating property,

j i}ff (Jw) = tx(1)
dw

Applying the above property, we have



= 3te >yt + 2)

X(jw) = 2

doo | (14!

x(1) = 3te Dyt + 2)




-ind the inverse Fourier transform of the
following functions:

X(jw) = d(@w — )

The IFT of § (w) = % 6 (w) 1s frequency-shifted by wy.

oy |
—1 . ___jept
F'[X(jw)| =¢ g

|
F7 ' [8(w — wo)] = —€“
27T




X(iw) =
U= Gy jor
|
F [E—QI’] — :
2+ jw)
By applying
d 1
F t —2t —
] = ot o)
(Applying frequency differentiation)
; |
F [re_z“ = _
Q2+ jw)
F_l [ 1 ] — rg—z."
(2 +jw)?* |




By applying time differentiation, namely

dx(ty .
— = joX(jw)

-1 jﬂ:} . i —2t
F [(2 +jm2):| =z )




X(jw) = 2

(@*49) —6
X(jw) = — .
o+ 3)(jow — 3)
A n A>

zjm+3 jo —3
—6=A1(jo—3)+A(w+3)

Let jo = —3

Letjowo =3

Ay = —1
1

jo +3 B jo —3

x(t) = F' [X(jw) | = e u(t) + eu(—1)

X(jw) =




. _ (jw+2)
X(J®) = [Gorrajora]

(jo + 2)
(o + 1) (jo + 3)
A n Az
jo+1)  (jo+3)
(jo+2) =A1(jo+3) +A2(o+ 1)

X(jw) =

Let jow = —1,



Let jo = =3, A, =

b | =

| | |
X(jw) = = | - + -
2 |jo+1  jo+3
|
x(t) = 5 [e_f + e_3’] u(t)




. (jo+l)
X(J®) = G527 Gard

AL A A
(jo+2)?  (jo+2) (jo+3)
(o + 1) = A (jo + 3) + A (jo + 2) (jo + 3) + As(jo + 2)*

X(jw) =

Let jo = —2;
—1=A;
Let jo = —3;
—2 = Aj

(jo + 1) = Ai(jo + 3) + A3 [(j©)* + Sjo + 6] + A3 [(jw)* + djo + 4]



Compare the coefficients of jw on both sides,

1 = A, + 5A; + 4A3
=—1+54,-38
Ay =2
—1 2 2
(jo + 2)2 + (jo+2) (jo+3)
x(t) = F'[x(jo)]

X(jw) =

x(t) = [—te™> +2¢7> — 2¢" | u(t)




Consider a causal LTI system with frequency response,

H@ —
() jo+3

For a particular input x(z), this system is to produce the output

y(t) = e u(t) — e *u(t)

Determine x(7).



y(t) = e 'u(t) — e *u(r)
1
jo+3) (o+4)
|
 (jo+3) (o +4)

Y (jo) =

vei
e
X(iﬂ})z%
(jo + 3)

T (o+3)(o+4)
|

- (o +4)
x(t) = F'X(jw) = e "u(t)

x(1) = e *u(r)




Find the Fourier transform of the following
signals using convolution theorem.

x() =e 2u(t) e > u(t)
X(jw) = F [e >'u(t)] F [e ™ u(?)]

F [e_zru(r)] =

(jo +2)

—5¢ _
F [e u(r)] = Got5)



N 1
X(w) = (o +2)(jo +5)
v L[] 1
Vo) =3 [jm+2 B (jm+5)]

— 1 . _1 —2t =5t
x(t) =F [X(,m)]_S[E u(t) —e u(t)]

x(1) =

[E—Zr . E—Sr] H(I)

1
3




Consider the following signals x; () and x;(¢). Find

y(1) = x1(1) * x2(1)

x1(t) = e 2u(t) and x5 (t) = e¥u(—t)

X10e) = =070

X, (jo) = —

(jw — 3)



x1(1) *x2(1) = X1 (jw) Xz (jw)

Y (jw) = : =D
 (jw+2) (jo—3)
. A A
Y (jw) =

(o +2) +(im—3)

1 1 1
5 |ljo+2  jo-3

YO = F ¥ o)) = ¢ [e72ute) + €¥u(—0)]

|
y() = < [e > u(t) + &'u(—1)]




the “Modulation” property which states that

x(t) cos wyt i %[X(m —wg) + X(w 4+ wy)]




x(t) = e ™ coswytu(t)

1. . :
cos ot = 3 [/ + e/
(4]
X(jw) = f a cos wote 7 dt
1f et ot 1]*00__. y
- at ,jext , ;wrdr_{_ _ e~ U pTIwot gmjWt gy
2 2 Jo
1 e la—jwotjw)t 1 * —(at+jwo+jw)t
- ajootjor gy 4 — [ p—latiovtion gy
~ 2 2 Jo
—(a . .w m
:l —1 —(a—joptjo)t _ € e i|
2 | (a — jwy + jw) (a+jwy + jw) |,
R N I }
2 [(a+jw) —jwy (a—+jw)+ jwy
1a+jo+jwy +a+ jo — jo]
-2 (a+jw)? + o

(a + jw)
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